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Chapter 1

Introduction

Orthogonal polynomials are classical objects arising from the study of continued fractions. Due to
the long history of orthogonal polynomials, they have now become important objects of study in
many areas: classical analysis and PDE, mathematical physics, probability, random matrix theory,
and combinatorics.

The combinatorial study of orthogonal polynomials was pioneered by Flajolet and Viennot
in 1980s. In these lecture notes we will learn fascinating combinatorial properties of orthogonal
polynomials.

We will first study basic properties of orthogonal polynomials based on Chihara’s book, Chap-
ter 1 [2]. We will then focus on the combinatorial approach of orthogonal polynomials, which
will be based on Viennot’s lecture notes [9]. We will also cover more recent developments in the
combinatorics of orthogonal polynomials such as their connections with ASEP, staircase tableaux,
lecture hall partitions, and orthogonal polynomials of type R;.

In Chapter |2| we study elementary and classical results of orthogonal polynomials. In Chap-
ter [3| we review basics of enumerative combinatorics. Starting from Chapter |4 we focus on the
combinatorics of orthogonal polynomials.



Chapter 2

Basics of orthogonal polynomials

In this chapter we will cover the first chapter of Chihara’s book [2].

2.1 Introduction

Since
2 cosmb cos nf = cos(m + n)6 + cos(m — n)6,

for nonnegative integers m and n, we have
s
/ cosmf cosnfdd = 0, m # n. (2.1.1)
0

In this situation we say that cosmf and cosnf are orthogonal over the interval (0, 7).

Note that cosnf is a polynomial in cos @ of degree n. So we can write cosnf = T,,(cos ) for a
polynomial 7,,(x) of degree z.

By the change of variable x = cos#, can be rewritten as

/1 T ()T (2) (1 — 22) "1/ 2de = 0, m % n.
—1

The polynomials T),(x), n > 0, are called the Tchebyshev polynomials of the first kind.
The first few polynomials are:

To(z) =1,
T (z) = cosb = x,
Ty(x) = cos20 = 2cos’ 0 — 1 = 222 — 1,
Ts(z) = 4a® — 3z
Recall that in an inner product space V with inner product (-, -), a set of vectors vy, ..., v, are

said to be orthogonal if (v;,v;) = 0 for all # # j. In this sense the Tchebyshev polynomials T, (z)
are orthogonal, where V' = R[z] is the space of polynomials with real coefficients with the inner
product given by

1
) gta)) = [ f@at—a?) e

We say that T}, (z) are orthogonal polynomials with respect to the weight function (1—22)
on the interval (—1,1).

—1/2

Definition 2.1.1. Suppose that w(z) is a nonnegative and integrable function on (a,b) with

fabw(x)dx > 0 and fj z"w(xz)dr < oo for all n > 0. A sequence of polynomials {P,(z)},>0 is
called an orthogonal polynomial sequence (OPS) with respect to the weight function (or
measure) w(z) on (a,b) if the following conditions hold:

4
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(1) deg P,(z) = n, for n > 0,
(2) f: P (z) P, (x)w(x)dz = 0 for m # n.

There is another way to define orthogonal polynomials without using the weight function. For
a polynomial f(z), if we define

b
£(f(x)) = / f(@yw(z)dr,

then L£(f(z)) is completely determined by the moments p, = fab a"w(z)dx. So, if we are only
interested in polynomials, then we can define a linear functional £ using a moment sequence
o, 1, ---- Not every sequence pg, it1,... gives rise to an OPS, though. We will see later a
criterion for a sequence to be a moment sequence.

Definition 2.1.2. Let £ be a linear functional defined on the space of polynomials in x. A
sequence of polynomials {P,(z)},>0 is called an orthogonal polynomial sequence (OPS)
with respect to L if the following conditions hold:

(1) deg P(z) =n, n >0,
(2) L(Pn(x)?) # 0 for m > 0,
(3) L(Pp(z)P,(x)) =0 for m # n.

Note that the second condition above was not necessary in Definition because it follows
from the facts that w(x) is nonnegative and f: w(x)dz > 0.

Remark 2.1.3. The moments of the Tchebyshev polynomials are
1
_ T (2n
Hon = / 22" (1 — 22) "V 2de = 271( >, H2nt+1 = 0.
—1 2 n

This suggests that there could be some interesting combinatorics behind the scene. We will later
find a combinatorial way to understand this situation.

Example 2.1.4 (Charlier polynomials). The Charlier polynomials P, (z) are defined by
n n—k
z\ (—a)
Py(z) = P REAYE,
@=2 (B &2

where (}) = a(z — 1)+ (z — k + 1)/k!. We will find a different type of orthogonality for P, (x).

The generating function for P, (x) is

Glaw) = Y P = 3 (Z (‘,j) M) -3 (i)w > C e,

n>0 n>0 \k=0 n>0

which means
G(z,w) =e (1 +w)".

Thus
a®G(z,v)G(z, w) = e~ (a(1 + v) (1 + w))”.

We have

k —a(v+w k
Z a G(k,’l})G(k,U)) Z € (vtw) (a(l + U)(l + ’LU)) — e—a(1)+u1)ea(1+v)(1+1u) — leWWW

! ! €
E>0 E>0
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Thus

aF v w e*(avw)”
3 G(k,v)G(k, w) :Z¥~ (2.1.2)

On the other hand

a* v w ot
Z G(k7 k)'G(k7 ) = Z ﬁ Z Pm(k)P"(k)Umwn

k>0 k>0 m,n>0

-y ZPm(k:)Pn(k;)% v, (2.1.3)

m,n>0 \ k>0

Comparing the coefficients of v™w™ in (2.1.2]) and (2.1.3]) we obtain
k a,n

a (&
ZPm(k)Pn(k)H =7 Onm- (2.1.4)
)

Therefore, if we define a linear functional £ by

ak
L) =Y K

k>0

then P, (z) are orthogonal polynomials with respect to L.

Note that we describe the orthogonality of P, (x) using only the linear functional £ without
referring to any weight function. However, we can also find a weight function in this case. Let
¥(x) be the step function with a jump at & = 0,1,2,... of magnitude a*/k!. Then the linear
functional £ can be written as the following Riemann—Stieltjes integral

ciren = [ " f@)di(a).

We can also prove (2.1.4) in a combinatorial way, see Appendix

Remark 2.1.5. In the theory of orthogonal polynomials, finding an explicit weight function is an
important problem. However, in these lecture notes, we will not pursue in this direction and we
will be mostly satisfied with Definition [2.1.2

2.2 The moment functional and orthogonality

We will consider the space C[z] of polynomials with complex coefficients. A linear functional
on Clz] is a map £ : Clz] — C such that L(af(z) + bg(x)) = aLl(f(x)) + bL(g(x)) for all
f(z),9(x) € Clx] and a,b € C.

Definition 2.2.1. Let {u,}»>0 be a sequence of complex numbers. Let £ be the linear functional
on the space of polynomials defined by L£(z"™) = p,, n > 0. In this case we say that £ is the
moment functional determined by the moment sequence {u,}, and p, is called the nth
moment.

We recall the definition of orthogonal polynomials.

Definition 2.2.2. Let £ be the linear functional defined on the space of polynomials in z. A
sequence of polynomials {P,(z)},>0 is called an orthogonal polynomial sequence (OPS)
with respect to L if the following conditions hold:

(1) deg P,(z) =n, n >0,
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(2) L(Py(z)P,(2)) = Kpom,n, for some K, # 0.
We say that P,(z) are orthonormal if £(P,,(z)P,(z)) = 6mn-

Theorem 2.2.3. Let {P,(z)}n>0 be a sequence of polynomials and let L be a linear functional.
The following are equivalent:

(1) {Pn(x)}n>0 is an OPS with respect to L;

(2) L(m(x)P,(x)) =0 if degm(z) < n and L(w(x)P,(x)) # 0 if degm(x) = n;

(3) L(x™Py(z)) = Knomn, 0 <m <n, for some K, #0.
Proof. (1) = (2): Suppose that deg m(x) < n. Since {P,(x)n>0} is a basis of C[z], we can write

m(x) =co+carPi(x) + -+ enPp(x).
Then .
L(m (@) Pa(2)) = Y L (exPi() Pa(®) = cal (Pa(x)?),
which is zero if degm(z) < n and nonzzr(()) if degm(z) =n.
(2) = (3): Trivial. (3) = (1): Trivial. O

Theorem 2.2.4. Suppose that { P, (z)}n>0 be an OPS with respect to L. Then for any polynomial
m(x) of degree n,
- L(m(x) Py (x))
m(x) = i Py (), Cp = — .
€)= 2wl = Tan )

Proof. Clearly, we can write

m(z) =Y cxPr(x),
k=0

for some ¢, Multiplying P;(z) both sides and taking £, we get
L(m(z)P;(z)) = Y L(crPe(x)Pj(x)) = ¢;L(P;(x)?).
k=0

Dividing both sides by £(P;(z)?), we obtain the theorem. O

Theorem 2.2.5. Suppose that {P,(z)},>0 be an OPS with respect to L. Then P,(x) is uniquely
determined by L up to a nonzero factor. More precisely, if {Qn(x)}n>0 is an OPS with respect to
L, then there are constants ¢, # 0 such that Q,(x) = ¢, Pp(x) for alln > 0.

Proof. Let us write Q,,(z) = >_1_, cxPx(x). Then by Theorem|2.2.4] ¢, = L(Qy(z) Py (x))/L(Py(z)?).
But by Theorem L(Qn(x)Pr(x)) =0 unless k = n. Thus Q,(z) = ¢, P,(x). O

Note that if {P,(z)},>0 is an OPS for £, then so is {¢,, P, (z)}n>0 for any ¢, # 0. Therefore
there is a unique monic OPS, which is obtained by dividing each P, (x) by its leading coefficient.
Note also that there is a unique orthonormal OPS as well given by p,(z) = P, (z)/L(Py(x)?)/2.
In summary we have the following corollary.

Corollary 2.2.6. Suppose that L is a moment sequence such that there is an OPS for L. Let K,,,
n >0, be a sequence of nonzero numbers. Then the following hold.

(1) There is a unique monic OPS {P,(x)}n>0 for L.
(2) There is a unique OPS {P,(x)}n>0 for L such that the leading coefficient of P, (x) is K,.
(8) There is a unique OPS {P,(z)}n>0 for L such that L(x" P, (z)) = K.

Clearly, if {P,(z)},>0 is an OPS for £, then it is also an OPS for £’ given by L'(f(z)) =
cL(f(z)) for some ¢ # 0. Therefore, by dividing the linear functional by the value £(1), we may
assume that £(1) = 1.
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2.3 Existence of OPS

The main question in this section is: for what linear functional £ does there exist an OPS? To
answer this question we need the following definition.

Definition 2.3.1. The Hankel determinant of a moment sequence {u,} is defined by

Ho M1 s Hn

M1 H2 o Mnl
Ay = det(pivg)f joo = . . N

Hn  Hn+1 o Han

Theorem 2.3.2. Let L be a linear functional with moment sequence {,}. Then there is an OPS
for L if and only if A,, # 0 for alln > 0.

Proof. Fix a sequence {K,} of nonzero real numbers K,. By Corollary if there is an OPS
{P.(z)}n>0 for L, it is uniquely determined by the condition L£(z"P,(x)) = K, n > 0. In
other words, using Theorem there is an OPS for £ if and only if there is a unique sequence
{P.(z)}n>0 of polynomials such that

L(z™P,(x)) = Kndpm n, 0<m<n. (2.3.1)
Now let P, (z) = >"}_, cn k2. Multiplying both sides by 2™ and taking £, we get

L(x™Py(x)) = Z Cn kefbnth-
k=0

Thus (2.3.1)) can be written as the matrix equation

Ko M1 o Mn Cn,0 0

M1 H2 Tt Hnl Cn,1 :
. . . . = . . (2.3.2)
: : . : : 0

Hn  Hnt1 - H2n Cn,n K,

Then the uniqueness of the polynomials P, (z) satisfying is equivalent to the uniqueness
of the solution of the matrix equation in ¢n,0,Cn,15...,Cnn. In order for (2.3.2)) to have a
unique solution, the Hankel determinant A,, must be nonzero for all n > 0. Moreover, by Cramer’s
rule, ¢y, = KA, /A1 is nonzero if and only if A, # 0. This proves the theorem. O

Applying Cramer’s rule to (2.3.2)) we can prove the following lemma, which will be used later.
Lemma 2.3.3. Let {P,(z)}n>0 be an OPS for L. Then for a polynomial w(x) of degree n we
have

ab/\,,
Anfl ’

where a and b are the leading coefficients of m(x) and P,(x), respectively. In particular, if
{P.(z)}n>0 is the monic OPS for L, then

L(m(x)Po()) =

A,
An—l '
Proof. We use the notation in the proof of Theorem m By solving ([2.3.2) using Cramer’s

rule, we obtain that the leading coefficient of P, (z) is b = ¢y.n = KpAp—1/A,. Thus, if we let
m(z) = > p_, axz®, we have

L(P,(2)?) =

B - abA\,,

as desired. 0
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Similarly every coefficient ¢, ; of P,(z) can be computed using (2.3.2). Thus we have an
explicit determinant formula for P, (z).

Theorem 2.3.4. Let L be a linear functional with moment sequence {p,} with A, # 0 for all
n > 0. Then the monic OPS for L is given by

/’(‘0 /’1/1 .. l’l"ﬂ
H1 M2 v Hn+1
n An—l . . . .
Hn—1 Hn - H2n-—1
1 x DY J’;n

Proof. This can be proved using (2.3.2). We can also prove directly that {P,(x)},>0 satisfies the
conditions for an OPS. First, the coefficient of 2™ in P,(z) is 1, so deg P,(z) =n. For 0 < k <n,
we have

,U’O l’l’l . e H’TL 'uO ‘ul . e ,Urn
1 M1 H2 te Hn41 1 H1 M2 ce Hn41
L(z*P,(z)) = X lﬁ ' s : “ AL : S :
n— n—
Hn—1 Mn tee H2n—1 Mn—1 Hn tee Han—1
xk gkt o gntk Wik Bkl Mok

If £ < n, then the right-hand side of the above equation has two identical rows, hence zero. If
k = n, the right-hand side is A, /A,,_1 # 0. This implies that {P,,(x)}n>0 is an OPS for £. [

Note that Lemma [2.3.3| can be proved easily from Theorem

In many important cases of orthogonal polynomials there is a nonnegative weight function
w(z) representing the moment functional: L£(z") = ff 2"w(x)dx. In more general cases, £ can
be represented using the Riemann-Stieltjes integral L(z") = fab x"™dy(x), where ¥(x) is a non-
decreasing function such that {z : ¥(z 4+ €) — (x — €) > 0 for all € > 0} is an infinite set. It is
known [2, Chapter 2] that there is such an expression if and only if £(7(z)) > 0 for all nonzero
polynomials 7(z) such that w(x) > 0 for all z € R.

A nonnegative-valued polynomial is a polynomial 7(z) such that m(x) > 0 for all x € R.

Definition 2.3.5. A linear functional £ is positive-definite if L(mw(z)) > 0 for all nonzero
nonnegative-valued polynomials 7(x).

If £ is positive-definite, then it has a real OPS. We will see later that the converse is not true.

Theorem 2.3.6. Let L be a positive-definite linear functional. Then L has real moments and
there is a real OPS for L.

Proof. First, we show that the moments p,, are real. Since £ is positive-definite, o, = L(z?") > 0
is real. Since £((z +1)?") = iio (2,:’) i is real, by induction, we obtain that pa,—1 is also real.

Now, we construct a real OPS {P,(z)}n>0 for £. Let Py(x) = 1. Suppose that we have
constructed real polynomials Py, ..., P, which are orthogonal with respect to L, i.e., for 0 <i,j <
n, L(P;(z)P;j(x)) is zero if ¢ # j and nonzero if ¢ = j. Now we need to find

Poyi(z) = 2"+ apPi(x) (2.3.3)
k=0

such that L£(Py(x)P,+1(z)) =0 for all 0 < k < n. Multiplying Py(x) and taking £ in (2.3.3)) we
get L(Py(x)Poy1(z)) = L(@" T Pp(x)) + arL(Py(x)?). Thus, if we set

L R)
AL
which is real, then P,,41(z) is orthogonal to Py(z),..., P,(x). In this way we can construct a real

OPS {P,(x)}n>o for L. O
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Note that if £ is positive-definite, then £(P,(x)?) > 0. Thus in this case we can construct a
real orthonormal OPS {p,,(z)},>0 by rescaling: p,(x) = P,(x)/v/L(Pn(x)?).

Nonnegative-valued polynomials have the following useful property.

Lemma 2.3.7. Let w(x) be a nonnegative-valued polynomial. Then w(z) = p(z)*+q(x)?* for some
real polynomials p(x) and q(x).

Proof. Since 7(z) is real for all real x, the coefficients of 7(x) are real. This can be seen inductively
by observing that if deg w(z) = n, then the leading coefficient of 7(x) is equal to

lim W(x)
rx—oo

Since m(x) is a real polynomial such that m(x) > 0, every real zero of 7(z) has even multiplicity
and complex roots appear in conjugate pairs. Thus we can write

7(z) = r(z)? H(I — ag — Bri)(z — o + Bi),

k=1
where 7(z) is a real polynomial and ay, B € R. If we write [}, (z — ay — Byi) = A(z) + iB(x),
then [}, (x — o + Bii) = A(z) — iB(x). Thus 7(z) = r(z)?(A(z)? + B(x)?) as desired. O
By Lemma [2.3.7, we have the following criterion for linear functionals.

Corollary 2.3.8. A linear functional L is positive-definite if and only if L(p(x)?) > 0 for every
nonzero real polynomial p(x).

You may wonder why L is called “positive-definite”. To see this recall that a real n x n matrix
A is positive definite if uT Au > 0 for every nonzero vector u € R™. Sylvester’s criterion says that
A is positive definite if and only if every principal minor of A is positive. The following theorem
justifies the terminology “positive-definite” for L.

Theorem 2.3.9. A linear functional L is positive-definite if and only if every moment p, is real
and A, > 0 for all n > 0. In other words, L is positive-definite if and only if the Hankel matriz
(i+g)f j=o is positive-definite for all n > 0.

Proof. (=) By Theorem the moments are real and there is a real OPS {P,,(x)},>0 for L.
By Lemma Ap/A,—1 = L(Py(x)?) > 0 for n > 0, where A_; = 1. Thus by induction we
obtain A, > 0 for all n > 0.

(<) Since A,, > 0, by Theorem there is an OPS {P,(z)}n>0 for £. By Corollary [2.3.8]
it suffices to show that £(p(z)?) > 0 for any nonzero real polynomial p(x). To do this let p(z) =

> r—oaxPr(z). Then by the orthogonality,
L(p(x)*) =D aiL(Py(x)).
k=0

Since A,, > 0, we have £(Py(z)?) > 0 by Lemma [2.3.3] Thus £(p(2)?) > 0 as desired. O

2.4 The three-term recurrence

One important property of orthogonal polynomials is that they satisfy a 3-term recurrence relation.

Theorem 2.4.1. Let £ be a linear functional with monic OPS {P,(x)}n>0. Then these monic
orthogonal polynomials satisfy the following 3-term recurrence relation:

Poi1(z) = (v — bn) Po(z) — My Pro1(2), n >0, (2.4.1)

with initial conditions P_1(x) = 0 and Py(x) =1 for some sequences {by}n>0 and {\,}n>1 such
that A\, # 0.
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Proof. Since P, (z) are monic polynomials, P,41(z) — 2P, (z) has degree at most n. Thus we can
write

Poii(x) — zPy( Z anPe(x

By Theorem multiplying both sides by P;(z) for 0 < j < n — 2 and taking £ gives
0= L(P;j(z)Ppi1(z) — 2 P5( Z axL(P, (2)) = a; L(Pj(x)?).

Since L(Pj(x)?) # 0, we obtain a; = 0 for all 0 < j < n — 2. Then we alway have P,1(z) —
2Py (z) = anPy(x) + ap—1 Pn—_1(x) for some constants a,, and a,_1. This implies that the polyno-
mials P, (z) satisfy the 3-term recurrence relation (2.4.1)).

It remains to show that A, # 0. Multiplying 2™ ~' both sides of and taking £ gives

0=L(z" 'Po1(x)) = L(x"P,(2)) — b L(2" 1 Py()) — M L(2z" 1Py 1 (). (2.4.2)
By Lemma we have L(z"P,(z)) = L(P,(z)P,(z)). Thus 2) implies
L(Po(@)?)
Ap = . 2.4.3
L) (249
Since L(P,(x)?) # 0, we get A, # 0. O
Theorem 2.4.2. Following the notation in Theorem[2.].1] we have
O L(Pa(2)?) ApaA,
)\n - ﬁ(Pn_l(x)Q) - A%_l ) (244)
L(zPy(x)%)
=_——_2+ 7 2.4.
by Z(P (1)) (2.4.5)
L(P@)) = A MuL(1) = 2n (246)
n—1
A, = AN AL (2.4.7)

Proof. By Lemma we have L(P,(z)?) = A,/A,_1. Thus the first identity (2.4.4) follows

from .
Multiplying P, (z) both sides of and taking L gives
0= L(Pn(2)Ppy1(z)) = L(xPn(2)?) — by L(Pn(2)?) — M L(PpPp_1(z))
= L(zPy(2)%) = bu L(Py(2)?),

which implies

2.4.5|).
The identity i2.4 .6)) is an immediate consequence of (2.4.4). The identity (2.4.7) follows from

2-4.6). O

Corollary 2.4.3. Following the notation in Theorem the linear functional L is positive-
definite if and only if b, € R and A\, > 0 for all n and L(1) >0

Proof. Suppose that L is positive-definite. Then by Theoremthe polynomials P, (x) are real,
hence the recurrence coefficients b,, and \,, are real. By Theorem we have A, > 0, which
together with implies A, > 0.

Now suppose that b, € R and A\, > 0 for all n. By (2.4.4]) and (2.4.5)), one can easily check by
induction that all the moments are real. By (2.4.7), we have A, > 0. Thus by Theorem L
is positive-definite. O
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Oftentimes non-monic orthogonal polynomials are used in the literature. We can always make
them monic by dividing each polynomial by its leading coefficient. This allows us to convert a
3-term recurrence of monic orthogonal polynomials to that of non-monic orthogonal polynomials
and vice versa.

Suppose that {P,(z)},>0 is an OPS for £, which is not monic. If &, is the leading coefficient
of P,(z), then the monic OPS for £ is given by {p,(z)}n>0, where p,(z) = P,(x)/ky,. Then, by
Theorem [2.4.1] we have

ﬁnJrl(x) =(z— bn)ﬁn(x) = Anbn—1(z), n > 0; ﬁfl(x) = 07130(35) =1L (2.4.8)
Substituting p,(x) = P,(z)/k, in the above formula, we get
Poi1(z) = (Apz — Bp)Py(z) — CpPy—q1(x), m>0; P_1(z)=0,Py(z) = ko, (2.4.9)

where A, = kpi1/kn, Bn = bpknyi1/kn, and Cp, = Akpy1/kn—1.
Conversely, from the recurrence ([2.4.9)), the leading coefficient of P, (z)is k, = An—14n—2 -+ Aoko.
Hence
ﬁn(x> = (An—lAn—Q ce AOkO)ilpn(z)v

and we can obtain the recurrence (2.4.8)) by dividing (2.4.9) by A, A, 1 --- Agko.

Example 2.4.4. Since
cos(n 4+ 1)0 + cos(n — 1)8 = 2 cos 6 cos nb, n>1,

we have

Tni1(x) = 22T, (z) — Th—1(z), n>1.

Since Ty(x) =1 and Ty (x) = z, we have
Tni1(x) = ApaTy(z) — Th—1(2), n >0, (2.4.10)

where T (x) = 0, Ag = 1 and A, = 2 for n > 1. Thus the monic Tchebyshev polynomials are
given by T},(x) = 217", (x) for n > 1. Dividing (2.4.10)) by 2" gives

T () = 2T (z) = \yTpor(z), n>0, (2.4.11)
where A\; = 1/2 and \,, = 1/4 for n > 2.

Note that in the recurrence (2.4.11)) for the (monic) Tchebyshev polynomials, b, = 0. This, in
fact, implies that Ty, (z) is an even function and Tb,1(x) is an odd function. It also turns out
that the odd moments are all zero.

Definition 2.4.5. A linear functional £ is symmetric if all of its odd moments are zero.

Theorem 2.4.6. Let L be a linear functional with monic OPS {P,(x)}n>0. The following are
equivalent:

(1) L is symmetric.
(2) P.(—z) = (—=1)"P,(x) forn > 0.
(3) In the 3-term recurrence (2.4.1), b, =0 for n > 0.

Proof. (1) = (2): Since L is symmetric, L(m(—z)) = L(n(z)) for all polynomials m(x). Thus
L(Pp(—z)P,(—x)) = L(Pn(z)P,(z)) = K;,0mm,n. By the uniqueness of orthogonal polynomials,
Theorem we have P,(—z) = ¢, P, () for some ¢, # 0. Comparing their leading coefficients,
we obtain ¢, = (—1)".

(2) = (1): Since Popy1(—2) = —Popy1(x), Papt1(x) is an odd polynomial. Thus L(Payy1(x)) =
0 is a sum of odd moments. This shows by induction that all odd moments are zero.
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(2) < (3): Let Qn(x) = (—1)"P,(—x). Then the condition in (2) is the same as P, (z) = Q,(x).
By Theorem [2:41] we have
Pppi(z) = (2 — by) Po(2) — AnPo-1(2),
QnJrl (-7;) = (.Z' + bn)Qn(l‘> - )\nanl(x);

where the second recurrence is obtained from the first by replacing « by —x and multiplying both
sides by (—1)"*1. Clearly, the condition P, (z) = Q,(x) is equivalent to b, = 0, n > 0. O

Recall Theorem which states that orthogonal polynomials satisfy a 3-term recurrence.
The converse of this theorem is also true.

Theorem 2.4.7 (Favard’s theorem). Let {P,(z)}n>0 be a sequence of monic polynomials. Then
there is a (unique) linear functional £ with £(1) = 1 for which {P,(z)}n>0 is an OPS if and only
if

Poi1(z) = (x — bn) Po(z) — My P (), n >0, (2.4.12)

for some sequences {b,}n>0 and {\,}n>1 of complex numbers with A, # 0. Moreover, L is
positive-definite if and only if b, € R and \,, > 0 for alln > 1.

Proof. The “only if” part is done in Theorem [2.4.1] To prove the “if” part, we assume A,, # 0 for
all n > 1. Note that if {P,(z)},>0 is an OPS for £, then we must have L(P,(z)) =0 for n > 1.
This together with £(1) = 1 completely determines the moments of £. Thus we define £ to be
the unique linear functional such that £(1) = 1 and L(P,(x)) = 0 for n > 1. We need to show
that {P,(z)}n>0 is indeed an OPS for £. By Theorem [2.2.3] it suffices to show that

L(x"Py(x)) = A1 -+ Ak, 0<k<n. (2.4.13)

We will prove this by induction on k. By the construction of £, (2.4.13)) is true when k£ = 0. Let
k > 1 and suppose that (2.4.13]) holds for k — 1. To prove (2.4.13|) for k, consider an integer n > k.
2.4.12)

Multiplying z*~' to ([2.4.12)), we get
2" P, (z) = 2" 1P, 1 (2) + b2 T Py (2) + Az TP, ().
By the induction hypothesis, taking £ in the above formula gives

0 ifl1<k<n-—1,

L(z"P,(x)) = {)\nﬁ(xnlpn—l(fﬂ)) if k =n.

Thus (2.4.13)) also holds for k, and the claim is established.
The “moreover” statement follows from Corollary O

2.5 Christoffel-Darboux identities and zeros of orthogonal
polynomials
The Christoffel-Darboux identities are useful identities which have many applications in the theory

of orthogonal polynomials. In this section we prove these identities and and their application to
the zeros of orthogonal polynomials.

Theorem 2.5.1 (The Christoffel-Darboux identities). Let {P,(x)}n>0 be given by the 3-term
recurrence (2.4.1). For n >0, we have

i p,;(m) P];(ky) _ PnH(x)Pn@ — Pria(y) Pu(2) (2.5.1)
k=0

- . (2.5.2)

Xn: Pk(x)Q Pé+1(x)Pn(x) - Pn-i-l(x)Pr/z(x)
Y YW

k=0
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Proof. Multiply P, (y) to ( - ) to get
Bwﬂ@ﬂ@%=@—%ﬂM@RMD—MR%N@&@) (2.5.3)
Interchanging = and y in gives
Prs1(y)Pu(@) = (Y = bn) Pr(2) Pa(y) — AnPo1(y) Pa(2). (2.5.4)

Subtracting from , we have
Pri1(2)Po(y) — Pos1(9) Pa(2) = (2 — y) Pu(@) Pa(y) + An(Po(2) Pre1(y) — Pa(y) Pa-1(2)).

Let fx = Pry1(x)Py(y) — Pet1(y)Px(x). Then we can rewrite the above equation (with n replaced
by k) as
(@ = y)Pe(z)Pi(y) = fro — A fr-1.
Dividing both sides by A1 -+ - A (z — y) gives
Pi(x)Pe(y) _ Jr B =
A Mg Mo M@ —y) A Mei(z— )
Summing the equation for k = 0,...,n, we obtain (2.5.1]).
Rewriting as

i Pr(@)Pr(y) _ (Prsa (@) = Pog1(9)) Pa(y) = Puy1 (y)(Pa() = Pa(y))
A (T — 1)

and taking the limit y — = gives (2.5.2]). O

The Christoffel-Darboux identities have an interesting application on the zeros of orthogonal
polynomials. We first show that orthogonal polynomials have distinct real zeros if £ is positive-
definite.

Lemma 2.5.2. Let L be a positive-definite linear functional with monic OPS {P,(z)}n>0. Then
P, (x) has n distinct real roots for all n > 1.

Proof. Since L(P,(z)) = 0, P,(x) must have a root of odd multiplicity. (Because otherwise
P,(x) > 0 for all z € R, which in turn implies £(P,(z)) > 0 by the assumption that L is
positive-definite.) Let x1,...,x; be the distinct roots of P,(x) with odd multiplicities. Then
(x —x1) - (x —x)Pp(x) > 0 for all x € R. Therefore L((z — x1) - (x — x) Pn(x)) > 0. But by
Theorem this implies k > n. Clearly, k¥ < n and we obtain k& = n. This means that P, (z)
has n distinct roots. O

Theorem 2.5.3. Let L be a positive-definite linear functional with monic OPS { P, (z)}n>0. Then
P, (x) has n distinct real roots for all n > 1 and the zeros of Pp(x) and P,y1(x) interlace. More
precisely, if Tp1 > Tpo >+ > Ty are the zeros of Py(x), then

Tp+1,1 > Tn,l > Tptl12 > Tp2 > " > Tptln > Ton > Tntlntl- (255)

Proof. The first part is proved in Lemma [2.5.2} For the second part, we substitute z = x, ; in

(2.5.2) to get

Mza%jimwmm%>mmemm;wm%mm@

YW A A,

This implies that the sign of P,i1(xy ;) is the opposite of the sign of P} (x, ;). Considering
the graph of y = P,(z), the sign of P/ (z,;) is (—1)’7!, see Figure 2.1 . Thus the sign of
Poii1(wn ), for j = 1,2,...,n, is (—1)7 as indicated by the red dots in Flgure This means
that P,11(z) has a root between each interval (z,, j41,%n, ;) for j=1,...,n—1. Conslderlng the
limits limy o0 Pny1(2) = 0o and lim, o Poi1(7) = (—1)"Ttoo, we can see that P, () also
has one root in (z,,1,00) and one root in (—00, 2y ). Thus we obtain (2.5.5).



CHAPTER 2. BASICS OF ORTHOGONAL POLYNOMIALS 15

Figure 2.1: The interlacing zeros of P,(z) and Py, 41 (z).



Chapter 3

Basics of enumerative
combinatorics

In this chapter we review fundamental objects in enumerative combinatorics. From now on we
will use the notation [n] := {1,...,n}.

3.1 Formal power series and generating functions

In this section, we study basics of formal power series and generating functions. See [I0] for more
details on this topic.
A power series is a series of the form

f(z) =ap+ a1+ agx® + - - - .

The quantity a,, is called the coefficient of 2™ in f(z). The constant term of f(z) is ag, which
we also denote by f(0).

If the coefficients a,, are real numbers, then f(x) may be considered as a function on 2 whose
domain is the set of real numbers = such that the above infinite series converges. For example, if

flx)=14+z+2%+ -,

then we have f(x) =1/(1 —x) for || < 1. Thus we can write, for |z| < 1,

1
l+z+22+... = .
1—=x

(3.1.1)

This, however, does not make sense if || > 1. Hence, in calculus, whenever we consider a power
series we always have to mention for what values of x the series converges. But in formal power
series the convergence is not needed.

Let R be a commutative ring with identity. Recall that R[x] denotes the ring of polynomials
in x with coefficients in R.

Definition 3.1.1. The ring of formal power series in x with coefficients in R is the set
R[[z]] = {ao + a17 + agz® + -+ : ag,ay,a9,... € R},

with addition

(Z anxn> + <Z bnxn> = Z(an + bn)xna
n=0 n=0

n=0

and multiplication

<§% anx"> <§% bna:”> - i (Z": akbn_k> "

n=0 \k=0

16
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So, roughly speaking, a formal power series is a polynomial of infinite degree.

The multiplicative identity of R[[1]] is 1, that is, 1 4+ 0z + 02 + - --. For f(x), g(z) € R[[1]], if
f(x)g(x) = 1, then we say that f(z) is the inverse of g(x) and write f(z) = g(z)~! = 1/g(x).

In the language of formal power series, is a perfectly valid identity without any conver-
gence considered because

A4z+2°+--)1l-2)=Q4+z+22+--)—2(l+z+2>+---) =1

An important aspect of formal power series is that the coefficient of ™ must be computed
using a finitely many additions and multiplications in R.

Example 3.1.2. The series

ey (Lra)

n!
n>0

is not a formal power series in R[[z]] because the constant term (the coefficient of 2°) is o, 1/nl,
which cannot be computed by a finite number of additions and multiplications in R (although we
know > .,1/n!=e). On the other hand,

n

ex
e-e¥ = E —
n!

n>0
is a formal power series in R[[z]].

Note that being a formal power series is all about how the series is presented rather than what
values the series take as a function. Most of the time, we will not consider a formal power series
as a function.

For two formal power series f(z) =" -, foz™ and g(x) =), < gnx™ with go = 0, we define

the composition (f o g)(x) = f(g(z)) of f(z) and g(z) by

Flg(@) =" fagla)™. (3.1.2)

n>0

To see that the above sum is a formal power series, note that since go = 0, every term in f, g(z)"
has degree at least n. Thus, for a fixed m > 0, the coefficient of ™ in f(g(x)) is the coefficient
of ™ in the finite sum >  f,g(x)" of formal power series, which in turn can be computed in
a finite number of additions and multiplications in R. Note also that if gy # 0, then the constant
term in the sum is an infinite sum Y, -, fngo, hence f(g(x)) is not a formal power series
(unless f(z) is a polynomial).

There is a simple criterion for the existence of an inverse of a formal power series.

Proposition 3.1.3. Let R be a field. A formal power series f(x) € R[[x]] has an inverse if and
only if f£(0) # 0.

Proof. (=) Let g(x) be the inverse of f(z). Suppose that f(0) = 0. Then the constant term of
f(z)g(x) is f(0)g(0) = 0, which is a contradiction to f(z)g(x) = 1. Thus we have f(0) # 0.
(<) Let f(z) =>_,50 faz"™. Then we can write f(x) as

fl@)=fo(l=h(),  h@)=D haz",  hy=—f5"fn

n>1
Then the inverse of f(z) can be found in this way:
1 1 1 1
= = =N h)
@~ h T T

n>0

Since the lowest degree term of h(x)™ has degree at least n, the above infinite sum is a well-defined
formal power series. O



CHAPTER 3. BASICS OF ENUMERATIVE COMBINATORICS 18

As in calculus we define the derivative of a formal power series f(x) =3_, 5, faz™ by
f(z) = Z nfpa" = Z(n + 1) fnpr2™.
n>1 n>0
The usual differentiation rules hold.
Proposition 3.1.4. For two formal power series f(x) and g(x), we have
(f(ﬂ?)g(l”))' f'(@)g(@) + f(2)g' (x),

( @)\ _ ['(@)g(x) - f(x)g'(x)

(z)

(f(9(2))) = f'(g(x))g'(x),  ¢(0) =0.

Proof. We can prove these identities using the formal definition of the derivative. We will only
proof the first identity. Let f(z) = <o fax™ and g(x) = >, <, gnz". Then

(Fa@) = [T (Z figo k) /: 3 (Z . fkgn_k>

n>0 n>0 \k=0

On the other hand,

F@)9@) + f@)g @) = 3 nfar 1S g™ + 3 fua” 3 nguan !

n>0 n>0 n>0 n>0
Z<Zkfkgn k+2fk n—k gn k) n=1
n>0 k=0
-y (z nfkg”>
n>0 \k=0
Thus we get the first identity. O

We can naturally extend the definition of formal power series to the multivariate case.

Definition 3.1.5. Let @ = (z1,22,...) be a sequence of variables. Let Z denote the set of
sequences I = (il,ig, ...) € ZZ, such that i1 +ig + -+ < co. For I = (i1,12,...) € Z, we write

x! = 1’11125222 . The ring of formal power series in x1, s, ... with coefficients in R is the set
x| = {Za[scI tay € R} ,
Iez

with addition

(Z a1w1> + (Z waI> = (Z(C” +b1)zc1> ,

(Z a,m1> (Z b1m1> =y > ar, by, | @'

Iez Iez 1€Z \I,I,€Z,I1+I,=I

and multiplication

Again, rougly speaking, a multivariate formal power series is a multivariate polynomial of
infinite degree.
Now we define the notion of generating functions.
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Definition 3.1.6. The generating function for a sequence {a,},>0 is defined to be the formal
power series
ao+a1x+a2x2+~~ .

So, the generating function for {a, },>0 is nothing but a way of recording the sequence. One
of the benefits of generating functions is that we can use many properties of formal power series.

Example 3.1.7. The generating function for {a, = 2"},>¢ is

D omat =) (22)" = - —1295' (3.1.3)

n>0 n>0

Example 3.1.8. Let’s find the generating function for {a, = n2"},>¢. Differentiating both sides

of (3.1.3)), we get

2
2 on n—1 — .
ne (1—2x)2
n>0

Multiplying both sides by x, we obtain

non 2x
E n2"" = ———.
(1 —2x)2

n>0

We can easily extend the definition of generating functions to accommodate arrays {a;}rez
of elements a;y € R using multivariate formal power series. More generally, we will consider
generating functions for arbitrary (combinatorial) objects.

Definition 3.1.9. Let A be a set of objects. A weight on A is a function wt : A — R, where R
is a commutative ring. The generating function for A with respect to the weight function wt

is the sum
> wi(a).
acA

(Here, we assume that the above sum is well-defined in R.)

Example 3.1.10. Let A = {0,1,2,...} and define a weight of A by wt(a) = z*. Then the
generating function for A (with this weight) is

Zwt(a) = Zwt(n) = Zm” = 1ix'
n=0 n=0

a€A

Example 3.1.11. Let A be the set of subsets of [n] and define a weight of A by wt(a) = zlely=lal,
Then the generating function for A (with this weight) is

S wia) = D allynle =% (Z) abyh = (z+y)".

acA aCln] k=0

Example 3.1.12. Let A be the set S, of permutations of [n] and define a weight of A by
wt(a) = 2°°(9). Then it can be proved (see (3.4.4)) that the generating function for A (with this
weight) is

Z wt(a) = Z 2@ — gz 4 1) (x4 n—1).

a€A TES,

We will often use the term “generating function” in a flexible manner. For example, the
generating function for the number of permutations would mean the generating function for the
sequence {a, = n!},>o, that is, >° - nlz".
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3
2
1
0

0 1 2 3 4 5 6 7 8 9 10

Figure 3.1: A Dyck path from (0,0) to (10, 2).
1 €T {E2 .’L'2
z3 x> 3 x> x>

Figure 3.2: An illustration of the generating function for Dyck paths.

3.2 Dyck paths and Motzkin paths

In this section we introduce two important classes of lattice paths. These are fundamental objects
in studying orthogonal polynomials combinatorially.

Definition 3.2.1. A lattice path from u to v is a sequence ™ = (vg, vy, ..., v,) of points in Z x Z
with vg = u and v,, = v. Each pair (v;, v;41) of consequence points is called a step of .

A path m = (vg,v1,...,v,) is also considerd as a sequence Sj---.5,, of steps, where S; =
(vi—1,v;). We will sometimes identify a step (v;, v;41) with v;41 —v; € Z X Z.

Definition 3.2.2. A Dyck path is a lattice path consisting of up steps (1,1) and down steps
(1,—1) that stays on or above the z-axis, see Figure Denote by Dyck(u — v) the set of Dyck
paths from u to v. We also define Dyck,,, = Dyck((0,0) — (2n,0)).

Let’s enumerate the Dyck paths in Dyck,,, using generating functions. To do this let

Clw) = 3 | Dycky, 2"

n>0

Then we can also write
C(z) = Z wt(m),
mweDyck

where Dyck is the set of all Dyck paths from (0,0) to (2n,0) for some n > 0 and wt(7) = x4,
where d() is the number of down steps in 7. It is helpful to imagine the generating function C(x)
as a picture of all Dyck paths, where each Dyck path has its weight attached to it as shown in
Figure 3.2

A Dyck path m € Dyck can be considered as a sequence of up steps and down steps. For
example, the Dyck path in Figure 33]is # = UUDUUDDDUDUD. Every nonempty Dyck path
7w € Dyck is uniquely decomposed into 7 = U7 Dp for some 7, p € Dyck. For our running example,

7 =UUDUUDDDUDUD = U(UDUUDDD)(UDUD), (3.2.1)
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0 1 2 3 4 ) 6 7 8 9 10 11

Figure 3.3: A Dyck path 7 from (0,0) to (12,0).

so we have 7 = UDUUDDD and p =UDUD. This argument shows that
C(z) =1+ C(x)zC(x).
Solving this quadratic equation for C'(z), we get

1++1—4x

Clz) = 2x

12

21

(3.2.2)

(3.2.3)

We must choose the correct sign here. First, by setting x = 0, we obtain that the constant
term of /1 —4x is 1. Thus (3.2.3)) is a valid formal power series only for the minus sign. This

implies that

1—-+v1-4
Z | Dycksy,, |2" = R e
n>0 2z

Now we can use the binomial theorem
«
1 (03 = n
e =X (3o
n>0

where

(3) _ala—1-(a-n+1)

By the binomial theorem, we have

1/2 1-1-3 . —2n43
n>0 n>1
1:3-(2n=3), 2020 —2)
ZI_Z n! 2rat =1 n!(n—l)!x'
n>1 n>1

Therefore,

1—+1—4x 1/2n—2 1 n
n o __ — - n—1 _ n
I a0 T B e DSt i

n>0 n>1 n>0

Comparing the coefficient of ™ in both sides we obtain the following result.

1 2n
o= 1 (%)
n

Proposition 3.2.3. We have

n+1

(3.2.4)
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0 1 2 3 4 ) 6 7 8 9 10

Figure 3.4: A Motzkin path from (0,0) to (10,1).

Note that we proved (3.2.4]) using generating functions, but this can also be proved by a
standard reflection principle.
The Catalan number C,, is defined by

C - 1 (2n>
n+1\n

1,1,2,5,14,42, 132,429, 1430, 4862, . . ..

The first few Catalan numbers are

There are many combinatorial objects counted by the Catalan number. Stanley [8] collected
more than 200 such “Catalan objects”. Dyck paths are one of the most well-known Catalan
objects. Some of other well known Catalan objects are triangulations of an (n + 2)-gon, ballot
sequences of length 2n, and plane binary trees with n vertices.

The Catalan numbers satisfy the following recurrence:

Co =1, Co=Y CiCnig, n>1 (3.2.5)
k=0

This recurrence can be proved similarly as (3.2.2]) using the decomposition (3.2.1]).
Now we consider lattice paths with three kinds of steps. These lattice paths will play a
fundamental role in Viennot’s theory of orthogonal polynomials.

Definition 3.2.4. A Motzkin path is a lattice path consisting of up steps (1, 1), horizontal
steps (1,0), and down steps (1, —1) that stays on or above the z-axis, see Figure Denote
by Motz(u — v) the set of Dyck paths from u to v. We also define Motz,, = Motz((0,0) — (n,0)).

Considering the positions of horizontal steps, we can relate the number of Motzkin paths and
that of Dyck paths.

Proposition 3.2.5. We have
[n/2]
n
| Motz, | = Z (%)C’k.
k=0
Proposition 3.2.6. Let M(z) =}, -, |Motz, |z". Then

1—2—+vV1—-2z— 322
M(z) = 572 .

Proof. By a similar argument used to prove (3.2.2)), we have
M(x) =1+ aM(x) + M(x)z>M(z).

Solving the equation we obtain the desired formula. O
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OJONORORONOROROXO)

Figure 3.5: A visualization of a set partition {{1,4,5,7},{2,3,8},{6},{9}} of [9].

3.3 Set partitions and matchings

In this section we study set partitions and matchings. They will be used to give combinatorial
interpretations for moments of Charlier polynomials and Hermite polynomials.

Definition 3.3.1. A set partition of a set X is a collection m# = {By, ..., Bx} of subsets of X
such that

(1) B; # 0 for all 4,
(2) B;NB; =0 for all i # j, and
(3) ByU---UB; = X.

Each B; is called a block of «.

A set partition can be visualized by connecting consecutive elements in each block see Fig-
ure

We denote by II,, the set of all set partitions of [n]. We also define II,, 5, to be the set of all set
partitions of [n] with exactly k& blocks. The Stirling number of the second kind S(n, k) is the
cardinality of II,, .

We use the convention that () is the only set partition of @, i.e., Ily = {#}. The following are
immediate from the definition of set partitions:

e S(n,0) = dn0,
e S(n,n) =1,
e S(n,k)=0if k > n.

We can compute the number S(n, k) using the following recursion with the above initial con-
ditions.

Proposition 3.3.2. For integers n, k > 1, we have
S(n,k)=8Sn—-1,k—1)+kS(n—1,k).

Proof. Let m € II,, . If n is in a singleton of m, then 7\ {n} € II,_1 y—1. Otherwise, = can be
obtained from a set partition 7’ € II,,_; ; by adding n to one of the k blocks of #’. This shows
the recursion. O

Proposition 3.3.3. We have
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Proof. The number of onto functions f : [n] — [k] is kLS (n, k). By the principle of inclusion and
exclusion, this number is equal to

k

ES(n, k) =) (1) (f) i,

i=0
which implies the desired formula. O

For an integer n > 0, a falling factorial (z),, is defined by
@)p=z(x—1)--(z—n+1).
Proposition 3.3.4. We have

n

Z S(n, k) () = 2™ (3.3.1)
k=0
Proof. Since both sides are polynomials in z, it suffices to show that the identity holds for all
positive integers x. So, let’s assume that x is a positive integer. Then the right-hand side is the
number of all functions f : [n] — [z].

Now, consider a function f : [n] — [z] such that the image f([n]) has exactly k elements.
Let f([n]) = {a1 < --+ < ax}. Then {f~Y(a1),...,f (ax)} is a set partition of [n] with k
blocks. Thus such a function f is obtained by first partitionining [n] into k blocks By, ..., By
and constructing a one-to-one map from {Bjy, ..., B} to [z]. This shows that the number of such
functions is S(n, k)(x);. Summing over all k gives the number of all functions f : [n] — [z].

Since both sides of the identity count the same number, they are equal.

Definition 3.3.5. A matching on a set X is a set partition # = {Bjy,..., B} of X in which
every block has size 1 or 2. Each block of size 1 is called a fixed point and each block of size 2
is called an edge or an arc of 7.

A matching is said to be perfect or complete if there are no fixed points.

Proposition 3.3.6. The number of complete matchings of [2n] is
2n—-1):=1-3-----(2n—1).

The number of matchings of [n] is

Lnfj <;€>(2k N

k=0

Proof. The first identity can easily be proved by induction on n since there are 2n — 1 ways to
form an edge with the last element 2n and another element.

The second identity follows from the observation that if a matching of [n] has k edges, then
these edges form a complete matching on a set of size 2k. O

3.4 Permutations

In this section we study permutations, which are one of the most fundamental objects in combina-
torics. We will see later a connection between permutations and moments of Laguerre polynomials.

Definition 3.4.1. A permutation on [n] is a bijection 7 : [n] — [n]. The symmetric group
G, is the group of permutations on [n] with multiplication given by composition of functions.
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For 7,7 € &,,, we write 77 = wo T, that is 77 is the permutation defined by (77)(i) = 7(7(i)).
Let 7 : [n] — [n] be a permutation. We will often write m; = 7(4) and identify this permutation
with a word
T =T1T2 " Tn,

which is called the one-line notation of 7. The two-line notation of 7 is the array

( 1 2 ... n)
™= .
T o “e Tn
Example 3.4.2. Let m € G3 be the permutation given by
(1) =2,7(2) =3,7(3) = 1.

Then in one-line notation,
T = mmomy = 231

(1 2 3
"=\2 3 1)
» (1 23 s (1 23
7T_(312>’ T\ o2 3)

A cycle of 7 is a sequence (ay,...,ax) of distinct elements of [n] such that

and in two-line notation,

We have

m(a1) = ag, m(a2) = as, e m(ak) = a;.

We denote by cycle(n) the number of cycles in 7.
A cycle (a1, . . ., ax) is considered to be the same as any of its cyclic shift (a;, ..., ax, a1,...,a;-1).
We also consider a cycle p = (ay,...,ax) as a permutation of [n] such that

p(i):{i ifi ¢ {as,...,ar},

Qi1 ifi = aj,

where ai+1 = a1.

A cycle of length £ is a permutation (in some &,,) of the form (ay,...,ax). A transposition
is a cycle of length 2. A simple transposition is a transposition of the form (7,7 + 1).

Note that for a permutation = = 71 - - - m,, € &,, and a transposition 7 = (i,7) € 6,, with i < j,
the product 77 is the permutation obtained from 7 by interchaning the values 7; and 7; at the
positions ¢ and j:

T =T * '7Ti_17Tj7Ti+1 . '7Tj_17TZ‘7Tj+1 s Ty,
On the other hand, the product 77 is the permutation obtained from 7 by interchaning the values
i and j. For example, if r=---¢---5--- then7n =---75---4---.

Proposition 3.4.3. Let 7 € &,,. Then we can write 1 = p1---pr for some disjoint cycles
P1y - pr i S, Moreover, we can also write m = s1--- 8, for some (not necessarily disjoint)
simple transpositions s; € S,,.

Proof. Let m € &,,. Let m = 1 and consider the sequence m(m), 72(m), .... Since this is an infinite
sequence of integers in [n], we must have 7¢(m) = 7/ (m) for some i < j. By multiplying 7 =%, we
have m = 7/~¢(m). Thus we can find the smallest integer r such that 7" (m) = m. Let p; be the
cycle (k,w(k), 7m2(k),..., 7"~ 1(k)).

Now let m be the smallest integer in [n] except those in p;. We repeat this process and obtain
cycles p1,..., pr whose union as a set is [n]. These cycles are disjoint because if p; and p; have a
common element then they must be the same cycle.

For the second statement, let @ = my ---m,. Note that multiplying a simple transposition
(i,2 4+ 1) on the left of 7 interchanges m; and m;11. Thus we can sort 7 = 7y ---m, into the
the identity permutation 12---n by multiplying simple transpositions t1,...,t,. on the left, i.e.,
wty -+ -t, =id. Then m =t ---t;, which is a product of simple transpositions. O
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‘@’@@

Figure 3.6: A visualization of a permutation m = (1,9, 3)(2,5)(4,8)(6)(7) € &y.

By Proposition we can write 7 in cycle notation, i.e., as a product of its disjoint cycles:

T=p1" " Pr-

Example 3.4.4. Let 7 = 951826743 € Gy. In two-line notation,
7r:<123456789)
9 518 2 6 7 4 3
There are 5 disjoint cycles of 7, namely, (1,9, 3), (2,5), (4,8), (6), and (7). Thus, in cycle notation,
m=(1,9,3)(2,5)(4,8)(6)(7).
Thus, cycle(m) = 5. We sometime omit the cycles of length 1 and write
7 =(1,9,3)(2,5)(4,8).

We can also visualize a permutation by drawing its cycles as shown in Figure [3.6]

Definition 3.4.5. A permutation 7 € &, is called an involution if 72 = ¢, where ¢ is the identity
permutation on [n]. Let J,, denote the set of involutions in &,.

Proposition 3.4.6. There is a bijection between J,, and the set of matchings on [n].

Proof. A permutation m € &,, is an involution if and only if every cycle is of length 1 or 2. Thus,
if 7 is an involution, changing each cycle of 7 into a block gives a matching on [n]. This is clearly
a bijection. O

Definition 3.4.7. An inversion of a permutation 7 € &,, is a pair (¢,7) of integers 1 <i < j <n
such that 7 (i) > 7(j). We denote by inv(7) the number of inversions of 7.

In other words, inv(r) is the pair of integers such that their relative positions are out of orders
in 7.

Proposition 3.4.8. We have

71'6671

Proof. We leave this as an exercise. O
Definition 3.4.9. The sign of a permutation 7 € &,, is defined to be
sgn(m) = (—1)““’(”).

The notion of the sign of a permutation is very important when we study determinants. We
will see several ways to compute the sign of a permutation. To this end we need some lemmas.
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e N e SN
a d a d
( ) ¢
i J i J
gb c] b/cf
N e A N e A

Figure 3.7: A cycle p with ¢ and j on the left and the permutation p7 on the right, where 7 = (i, j).

Lemma 3.4.10. Let m € &, and let 7 = (i,j) € &,. Then

cycle(m) —1 ifi and j are in different cycles of m,
cycle(rm) = cycle(nr) = . , ,
cycle(m) +1 ifi and j are in the same cycle of 7.

Proof. Suppose that i and j are in the same cycle, say p, of 7. Then p7 becomes two cycles as
shown in Figure Thus in this case cycle(n7) = cycle(n) + 1. The other cases can be proved
similarly.

O
Lemma 3.4.11. Let w € &, and let 7 = (i,i + 1) € &,,. Then
sgn(wr) = — sgn(m).
Proof. Since
<. .. i i+1 .- )
T = ,
P TR R
we have inv(77) = inv(w) & 1. This implies sgn(n7) = — sgn(n). O
Lemma 3.4.12. If 7 € &, is a product of k simple transpositions, then
sgn(m) = (—1)%.
Proof. Let w =ty ---tg, where t;’s are simple transpositions. Then by Lemma [3.4.11
sgn(m) = sgn(ety ---tx) = (—=1)Fsgn(e) = (—1).
O

Proposition 3.4.13. For two permutations w,0 € &,,, we have

sgn(mo) = sgn(rm) sgn(o).

Proof. Suppose m =t1---1x and 0 = s1 - - - 8-, where ¢;’s and s,.’s are simple transpositions. Then
since sgn(7) = (—1)* and sgn(c) = (—1)", we have

sgn(mo) = sgn(ty - - tpsy - s,) = (—1)F" = sgn(n) sgn(o). O
Proposition 3.4.14. For w € G,,, we have
sgn(ﬁ) — (_1>inv(7r) — (_1)n—cycle(7r) _ (_1)evencyc1e(7r)’

where evencycle(n) is the number of even cycles in 7. In particular, if ™ = tq - - - tg, where t;’s are
transpositions, then sgn(m) = (—1)*.
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Proof. Let ™ = ty---t, where t;’s are simple transpositions. By the definition of sgn(w) and

Lemma [3.4.12) we have sgn(r) = (—1)(™) = (=1)¥. On the other hand, since @ = t; - - - tx, by

Lemma [3.4.10] (—1)ovele(m) = (—1)evele()+k — (_1)n+k Thus sgn(r) = (—1)F = (—1)—ovele(m),
Now let ¢; be the number of cycles of length ¢ in 7. Then

(—1)nmovele(m) — (_1)(lerteatetnien)—(ertten) — (_1)0ertleatt(nol)en _ (_qyn—cycle()
The last statement follows from
sgn(m) = sgn(ty - -tx) = sgn(ty) - - -sgn(ty) = (=1)*,
because the sign of a transposition 7 is sgn(7) = (—1)°vereyele(r) = (—1)! = —1. O

The signless Stirling number of the first kind ¢(n, k) is defined to be the number of
permutations on [n] with & cycles. The Stirling number of the first kind s(n, k) is defined to
by s(n, k) = (—1)""%¢(n, k). Note that (—1)"* is the sign of a permutation on [n] with k cycles.

Proposition 3.4.15. For integers n,k > 1, we have
enyk)=cn—1,k=1)+ (n—1)c(n — 1,k). (3.4.1)

Proof. A permutation m € &,, can be obtained from a permutation 7’ € &,,_; by creating a new
cycle (n) of length 1 or by inserting n after any integer in a cycle of 7’. For example, for 7’ =
(1,9,3)(2,5)(4,8)(6)(7) € Gy, if we insert 10 after 2, we get 7 = (1,9, 3)(2, 10,5)(4,8)(6)(7) € &1,
if we insert 10 after 6, we get m = (1,9, 3)(2,5)(4,8)(6,10)(7) € G19, and if we create a new cycle
with 10, we get 7 = (1,9,3)(2,5)(4, 8)(6)(7)(10) € S19. This shows the recursion. O

Proposition 3.4.16. We have
Zs(n,k)xk = (2)p. (3.4.2)

k=0
Equivalently,
n
Zc(n, Kb =z(x+1)---(x+n—1). (3.4.3)
k=0
Proof. The equivalence of (3.4.2)) and (3.4.3]) is obtained by replacing z by —x and multiplying
(=1)™ both sides. Thus it suffices to show (3.4.3). This can be proved by induction using (3.4.1)).
O
Note that (3.4.3) can be rewritten as
Z g™ — (x4 1) (x+n—1). (3.4.4)

TES,
We can prove this bijectively.

A bigective proof of (3.4.4). We will construct an algorithm to construct a permutation = € &,,.
For k =1,...,n, we do the following.

Step 1 For k = 1, create a new cycle consisting of 1.

Step 2 Let 2 < k < n and suppose that the integers 1,...,k — 1 form a permutation on [k — 1]
in cycle notation. Then we either create a new cycle consisting of k£ or insert k after one of
the integers 1,...,k — 1.
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For each 1 < k < n, there are k choices: creating a new cycle (in one way) or inserting k into
one of the existing cycles (in k — 1 ways). The possible choices for k are exactly the same as the
choices for the kth factor when we expand

n—1
sz D@+1+1) - (@+T1+1+---+1). (3.4.5)

Moreover, the first choice (creating a new cycle) corresponds to multipying x. Thus, if 7 is a
permutation obtained in this algoritm, then the same process in the exansion of gives
(™) This means that the both sides of match term-by-term, completing the proof of
this identity. O

Using ((3.3.1) and (3.4.2) we obtain the following matrix identity, which is a duality between
Stirling numbers of the first and second kinds.

Proposition 3.4.17. We have
(s(n, k))n’kzo (s, k))n)kzo =1, (3.4.6)

where I = (8 k)n k>0 5 the infinite identity matriz. Equivalently, for integers n,m > 0,

> S(n,k)s(k,m) = 6nm, (3.4.7)
k>0
> s(n, k)S(k,m) = 6p.m. (3.4.8)
k>0

Proof. By (3.3.1) and (3.4.2)), we have the change of basis identities between two bases {2"},,>0
and {(z), }n>0 of the vector space of polynomials:

(S(n’ k)> n,k>0 ((x)"> n>0 (In) n>0’

(s(n, k)) n,k>0 (zn> n>0 ((x)">n20'

Thus the two matrices (S(n, k))n x>0 and (s(n, k))n k>0 are inverse of each other, proving (3.4.6).
O




Chapter 4

Combinatorial models for OPS

From now one we will focus on the combinatorial approaches to orthogonal polynomials in Vien-
not’s lecture notes [9]. A part of this chapter has some overlaps with Chapter

The main goal of this chapter to give combinatorial interpretations for orthogonal polynomials
and their moments. Using these combinatorial interpretations, we will reprove the orthogonality
of orthogonal polynomials using combinatorics only.

4.1 Orthogonal polynomials and 3-term recurrences

In this section we recall basic definitions and properties of orthogonal polynomials. We then state
the 3-term recurrence of orthogonal polynomials and Favard’s theorem.

Let K be a field (we can also use a commutative ring for any result without using divisions). We
denote by K[z] the ring of polynomials in « with coefficients in K. A linear functional is a linear
transformation £ : K[z] — K, i.e., a function satisfying L(af(x) + bg(x)) = aL(f(x)) + bL(g(z))
for all f(x),g(z) € K[z] and a,b € K. The nth moment of £ is defined to be u,, = L(z™).

Definition 4.1.1. Let £ be a linear functional defined on the space of polynomials in x. A
sequence of polynomials {P,(z)},>0 is called an orthogonal polynomial sequence (OPS)
with respect to L if the following conditions hold:

(1) deg P,(z) =n, n >0,
(2) L(Pp(z)Py(x)) =0 for m # n,
(3) L(P,(x)?) # 0 for m > 0.
We also say that {P,(z)},>0 is orthogonal for the moments { i, }n>0-

Orthogonal polynomials in the above definition are called “formal” or “general” orthogonal
polynomials because the field K can be anything. For instance, it may contain arbitrary formal
variables such as a,b,c,d. Then the polynomials P,(x) and the moments p, can be treated as
polynomials (or more complicated objects such as formal power series or rational functions) in
these formal variables.

Proposition 4.1.2. Suppose that {P,(x)}n>0 is an OPS for L.
(1) {Pn(x)}n>0 is also orthogonal with respect to L' for any L' = aL for a # 0.
(2) L is uniquely determined up to nonzero scalar multiplication.
(3) If we set L(1) =1, then L is uniquely determined.

(4) {anPp(x)}n>0 is an OPS with respect to L for any sequence {ay}n>0 with a, # 0.

30
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Figure 4.1: A Favard tiling T € FTg with wt(T) = A1bsbsbrz3.

Proof. All statements are easy to check. For example, (2) can be seen by noticing that once the
Oth moment pg = £(1) is determined, then the nth moment u,, for n > 1, is uniquely determined
by the condition £(P,(z)) = 0. O

By the above proposition we may assume that £(1) = 1. From now on we will always
assume that deg P,(z) =n and £(1) = 1 unless otherwise stated.
Recall from Theorem that every OPS satisfies a 3-term recurrence.

Theorem 4.1.3 (3-term recurrence). Let £ be a linear functional with monic OPS {P,,(x)}n>0-
Then there are sequences {by}n>0 and {A,}n>1 such that A\, # 0 and

P (2) = (2 = bo)Pa(@) = AnPaca (@), 020,
where P_1(z) =0 and Py(x) = 1.

The inverse of the above theorem is also true, which is one of the most important results in
the theory of classical orthogonal polynomials.

Theorem 4.1.4 (Favard’s theorem). Let {P,(x)}n>0 be a sequence of polynomials satisfying
P_1(z) =0, Py(xz) =1, and

Poi1(z) = (v — bn)Po(z) — My Pro1(2), n >0, (4.1.1)

for some sequences {by}n>0 and {A,}n>1 with A, # 0. Then {P,(x)}n>0 is an OPS for some
linear functional L.

The main goal of this chapter is to give combinatorial interpretations for the orthogonal poly-
nomials P,(z) and their moments p,. Using these combinatorial interpretations we will prove
Favard’s theorem bijectively.

4.2 A model for orthogonal polynomials using Favard tilings

In this section we give a combinatorial interpretation for orthogonal polynomials using Favard
tilings.

Definition 4.2.1. A Favard tiling of size n is a tiling of a 1 X n square board with three types
of tiles: red monominos, black monominos, and black dominos. The set of Favard tilings of size n
is denoted by FT,.

We label the squares in the 1 x n board by 0,1,...,n — 1 from left to right. Define the weight
wt(T) of T € FT,, to be the product of the weights of the tiles in T', where

(1) the weight of each red monomino is z,
(2) the weight of each black monomino containing a label i is —b;, and
(3) the weight of each domino containing labels ¢ — 1 and 7 is —\;.

For example, see Figure Note that the number u,, of Favard tilings of size n satisfies
Up41 = 2Up + Up—1 With ug = 1 and u; = 2. These numbers are called the Pell numbers.
The following proposition gives a combinatorial interpretation for orthogonal polynomials.
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Proposition 4.2.2. Suppose that {P,(x)}n>0 is a sequence of polynomials satisfying (4.1.1)).

Then
Pu(z)= Y wt(T).
TEFT,,
Proof. This is immediate from the recurrence (4.1.1]). O

4.3 How to find a combinatorial model for moments

Moments are important quantities of a linear functional £ because they have all the information
of £. In this section we will find a combinatorial interpretation for the moments of orthogonal
polynomials. To do this we will first take a close look at the moments.

Suppose that £ is a linear functional with monic OPS {P, (x)},>0, which satisfies the 3-term
recurrence . Let’s assume £(1) = 1. Then, using the orthogonality, we have

L(Pn(x)) = n,0. (4.3.1)

This relation in fact completely determines the moments u,. For example, since

PQ(LI,‘) = 17
Pl(ac) = ({,C — bo)Po(.’IJ) — )\()P,l(ﬁ) =X — bo7
Pg(:E) = (1‘ — bl)Pl(x) - )\1P0(CC) = .CE2 - (bl + bo)I + b0b1 - /\1,
we have
Ho = £(1> =1,
p = L(z) = L(P1(x) + bo) = bo,
Ho = [,(332) = ;C(PQ(Q:) —+ (b() + b1)$ — boby + )\1) = (bo + bl)bo —boby + M\ = bg + Ai.

In this way, we can compute a few more moments:

pt3 = by + 2bo A1 + b A1,
fta = by + 302\1 + 2bobi A1 + DI + A2 4 Ao,
Us = bg + 4[)8)\1 + 3()(2)[)1)\1 + Qb()b%)\l + b?)\l + 3b0)\% + 2()1/\% + 2bgA1 A2 + 2b1 A1 Ao + ba A1 Ao

The above experiments clearly suggest that p, would be a polynomial in b;’s and A;’s with
nonnegative integer coefficients. How can we prove such a conjecture? A satisfying answer to this
question is to find combinatorial objects whose generating function is u,. That is to find a set X
of combinatorial objects and a weight wt(A) of each element A € X such that

Hn = Z wt(A),

AeX

and wt(A) is a polynomial (preferably a monomial) in b;’s and \;’s with nonnegative integer
coefficients.

But how can we find such combinatorial objects? Suppose that such combinatorial objects
exist with monomial weight wt(A) for each A € X. Then if we set b; = \; = 1 for all ¢ then yu,
would be the number of elements in X. If we compute u, with this substitution for n =0,1,2,.. .,
then we obtain the following sequence:

1,1,2,4,9,21,51,127, 323,835, 2188, 5798, 15511, . . ...

There is a very useful webpage https://oeis.org/| where you can search integer sequences. If
you search the above sequence, the webpage will tell you that this is the sequence of the number


https://oeis.org/
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by

by

0

Figure 4.2: A Motzkin path 7 from (0,0) to (12,0) with wt(7) = boba A A3 \3.

of Motzkin paths. So we can guess that there must be a close connection with the moments of
orthogonal polynomials and Motzkin paths.

After spending enough time of trials and errors, we can come up with the following combina-
torial model for the moments of orthogonal polynomials.

Recall that Motz(u — v) is the set of Motzkin paths from u to v. We define the weight wt(m)
of a Motzkin path 7 to be the product of the weights of the steps in 7, where

(1) the weight of an up step is 1,
(2) the weight of a horizontal step starting at height ¢ is b;, and

(3) the weight of a down step starting at height i is A;.
See Figure [£:2]

We are now ready state Viennot’s combinatorial interpretation for moments of orthogonal
polynomials.

Theorem 4.3.1. Suppose that {P,(z)}n>0 is @ monic OPS for a linear functional £ with £(1) =
1. Suppose that {P,(x)}n>0 satisfy the 3-term recurrence

Poyi(x) = (x — bp)Pp(z) — My P (), n > 0.
Then the moments p, = L(z™) are given by
iy, = Z wt (7).
wTEMotz,
More generally, we will prove a combinatorial interpretation for mixed moments.

Definition 4.3.2. Let {P,(x)},>0 be a monic OPS for a linear functional £. For integers n,r, s >
0, the mixed moments p,, » s and p, , of this OPS are defined by

_ L(@"Pr(2)Ps(x))
'un,v",s - £(PS (33)2) I
_ _ L(z"Py(x))
Hnk = Hn,0,k = L-(Pk(l;)z) :

Note that p, = pn,0,0-
Let Motzy, s denote the set of Motzkin paths from (0,7) to (n,s).

Theorem 4.3.3. Following the notation in Theorem [].3.1], we have

Hn,rs = Z Wt(ﬂ')

TEMOtZy 1 s

Proof. We proceed by induction on n. Suppose n = 0. By the orthogonality of {P,(x)}n>0, we
have
_ L(Pr(z)Ps(x)) _
Ho,r,s = - 57‘ s-
” L(Ps(x)?) ’
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Since Motz s = 0 if » = s and Motz , s has only one (empty) Motzkin path if r = s, we also

have ZﬂeMothw wt(m) = Oy 5.
Let n > 1 and suppose that the theorem holds for n — 1. Then by the 3-term recurrence,

xPp(x) = Pry1(x) + by Pr(x) + A P ().

Thus
o _LGP@P) _ L @R @)P)
e = T (R @)?) L(P.(@)?)
_ L(z" " (Pria(x) + b, P (x) + A\ Pro1(2)) Ps(2))
£(P.(2)?)
L P (0)Pua) |, L Pu(@)P()) | L P (2)Pu(x)
Y (275 ) B 0 X 75 ) B s X P E)

= Wn—1,r+1,s T br,Ufn—l,r,s + Arﬂn—l,’r—l,s

= Z wt(7) + b, Z wt(m) + A Z wt ()

mEMotz, 1,741, TEMotz, —1,r,s mEMotz, —1,r—1,s
= g wt(m),
TEMotzy, r s

where the second to last equation follows from the induction hypothesis and the last equation
follows from considering the first step of each m € Motz,, , s. Hence the theorem holds for n and
we are done by induction. O

Corollary 4.3.4. Following the notation in Theorem [{.3.1, we have

Proof. Since P, (x) is monic, we can write P, (z) = 2™ + Q(z) for some polynomial Q(z) of degree
less than n. Thus by Theorem [£:3:3]

L(Pa(@)?) = L(@" + Q@) Pa(@) = L@ Pu(@)) = 3 wi(m) = A1+ A,

TEMotzy n,0

as desired. Here, the last equality follows from the fact that there is only one Motzkin path in
Motzy, 0, namely, the path from (0,n) to (n,0) consisting of n down steps. O

4.4 A bijective proof of Favard’s theorem

We have a combinatorial interpretation for both orthogonal polynomials and their moments. In
this section we will prove Favard’s theorem bijectively using these combinatorial models.
Suppose that {P,(z)},>0 is a sequence of polynomials satisfying the 3-term recurrence

Poi1(x) = (z —bp)Pp(z) — AP ().

To prove Favard’s theorem, we need to find a linear functional £ for which {P,(z)},>0 are or-
thogonal. We simply define £ so that the moments are given by

L(z") = Z wt (7). (4.4.1)

mEMotz,

It is enough to show that
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More generally, we will prove

L@"Pp(z)Po(x)) =M1 As Y wt(m). (4.4.2)

TEMOotzy, r s

We first need to give a combinatorial meaning to the the left-hand side of . For a
Favard tiling 7" with k& red monominos, let wt/(T) = wt(T)/z*. In other words, wt'(T) is the
same as wt(7T') except we only consider the weights of black monominos and black dominos. Then
Proposition [1.2:2] can be restated as

P, (l‘) — Z Wt/(T) . x(number of red monominos in T).

TeFT,
Thus, by the definition of £(z™) in (4.4.1]), we have
L"Pp(z)Pu(x) = > wt/(T1)wt'(T}) wt(n),

(Ty, Ty, m)EX
where X is the set of triples (71, 7%, 7) such that for some 0 <i <7 and 0 <j <s,
(1) Ty € FT, has 4 red monominos,
(2) Ty € FT, has j red monominos, and
(3) ™€ Motzptit;-

Let Y be the set of m € Motz,, 4,5 such that the first r steps are up steps and the last s step
s are down steps. Then the right-hand side of (4.4.2)) is equal to » . wt(7m). Therefore (4.4.2)
is equivalent to the following theorem.

Theorem 4.4.1. For the sets X and Y defined above, we have

Z wt'(Ty) wt' (Tz) wt(m) = Z wt (7). (4.4.3)

(T1,T2,m)eX TeyY

Proof. We will find a sign-reversing weight-preserving involution on X with fixed point set {(0, 0, 7) :
m € Y}. Consider (Th,Ts,7) € X. We write 7 = 5152 - -+ Sy, as a sequence of steps. Let a,b, u, v
be the integers defined as follows:

e ¢ is the largest integer such that T3 starts with a red monominos,
e b is the largest integer such that T5 starts with b red monominos,
e vy is the largest integer such that m starts with w up steps,

e v is the largest integer such that 7 ends with v down steps.

We now define ¢(Ty,Ts, ) = (11, T4, 7') in the following way. Here, a’,b’,u/,v" are the integers
defined similarly as above using 77, T4, and 7.

Case 1 u < a. In this case we set T3 = T5. There are two subcases.
Case 1-1 S, is a horizontal step. Let
7' =81Sus1 Sm,

and define 77 to be the Favard tiling obtained from T3 by replacing the (u + 1)st red

monomino (at position u) by a black monomino. Here the notation S/u: means that
Su+1 is removed from the sequence. See Figure Observe that since wt'(T7) =
—b, wt'(T) and wt'(7’) = wt'(7) /b, we have

wt/ (1) wt' (Ty) wt(n') = — wt' (Ty) wt'(Ty) wt(m).

Moreover, we always have v’ > u and @’ = u < a <r, hence v’ > a’ # r.
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Figure 4.3: A triple (w,71,75) € X in Case 1-1 on the left and the corresponding triple
(7', T{,T5) € X in Case 2-1 on the right, where r = 4, s = 2, and n = 5. The horizontal
step (2,2) — (3,3) in 7 is collapsed to a point.

Case 1-2 S, ;1 is a down step. Let
7' =81 53811 S,

and define T to be the Favard tiling obtained from T} by replacing the uth and (u+1)st
red monominos (at positions u — 1 and u) by a domino. See Figure Observe that
since wt'(T]) = —\, wt/(T}) and wt'(7’) = wt'(7) /Ay, we have

wt' (T7) wt'(Ts) wt(n') = — wt' (T1) wt' (Tz) wt(7r).
Moreover, we always have v’ > u —1and ' =u—1<a < r, hence v’ > a’ # r.

Case 2 u > a # r. In this case we set T4 = T,. Let A be the (a + 1)st tile in T} (A starts at
position a). There are two subcases.

Case 2-1 A is a black monomino. In this case let
7' =81 SeHSqi1 S,

and define T to be the Favard tiling obtained from 7; by replacing A by a red
monomino. See Figure (with the roles of (T1,T5,w) and (17, T4, ') interchanged).

Case 2-2 A is a domino. In this case let
7T/ - Sl ...SaUDSaJrl Sm,

and define 7] to be the Favard tiling obtained from 737 by replacing A by two red
monominos. See Figure (with the roles of (T1, T, w) and (77, T3, 7') interchanged).

Case 3 u > a =1 and v < b. This can be done similarly as Case 1. The only difference is that
we set 7] = T3 and consider the steps of 7 from the right.

Case 4 u>a=r and v > b # s. This can be done similarly as Case 2.
Case 5 u>a=rand v > b=s. In this case we set (T{,T4,n") = (T1, T, 7). See Figure [1.5]

By the construction, Case 1 corresponds to Case 2 and Case 3 corresponds to Case 4. Thus
the map ¢(T, To, 7)) = (11, Ty, ') is a sign-reversing weight-preserving involution on X with fixed
points (@, @, 7) where 7 € Y. This completes the proof. O
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™ = /\2 7'['/:
~—~ v=1 S v =1
u =2 u' =3
—bs —Ay —bs
T, - 7 = 7 = ;-
%/3—/ ?// a =1 ?//
a= =2 =2

Figure 4.4: A triple (w,71,75) € X in Case 1-2 on the left and the corresponding triple
(7', T7,T3) € X in Case 2-2 on the right, where r = 4, s = 2, and n = 5. The peak (an up-
step followed by a down step) (1,1) — (2,2) — (3,1) in 7 is collapsed to a point.

H/_/

u=4

- DI
H/_/

a=4

Figure 4.5: A triple (7,T1,T2) € X in Case 5, where r =4, s =2, and n = 5.



Chapter 5

Moments of classical orthogonal
polynomials

To Do: Add weight functions for these orthogonal polynomials.

In this chapter we apply the combinatorial interpretation of moments for Tchebyshev polyno-
mials of the 1st and 2nd kinds, Hermite polynomials, Charlier polynomials, and Laguerre polyno-
mials.

Note that a monic OPS {P,(z)},>0 can be defined in many ways, namely, one of the following
determines the orthogonal polynomials:

1) the coefficients {an ik }n k>0 of Py(z) = ZZ:O an,kxk,
2) the generating function ) o, P, (z)t" or ), -, Pa(2)t"/nl,

(1)
(2)
(3) the moments {1, n>o,
(4)

4) the 3-term recurrence coefficients {b, }n>0 and {A,}n>1.

5.1 Tchebyshev polynomials

In this section we will compute the moments of Tchebyshev polynomials using Theorem [£:3.1] We
will first consider Tchebyshev polynomials of the second kind since they are simpler than the first
kind in our approach.
The Tchebyshev polynomials of the second kind U, () are defined by
sin(n + 1)0
sin

Un(x) =

, T = cosf, n > 0.

They satisfy
Uni1(z) = 22U, (2) — Up—q(2), n >0,

where U_;(z) = 0 and Up(x) = 1. Using calculus we can prove that

1
/ Um(‘r)Un('x)(l - Z‘Q)I/de = gém,n-
—1

Let £ be the linear functional defined by

Then {U,(x)}n>0 is an OPS for £ and £(1) = 1.

38
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_ Since Uy (z) has leading coefficient 2", the monic Tchebyshev polynomials U, (z) are given by
Un(x) =27"U,(x) and

Unii1(z) = (z — bn)Un(w) - \Un—1(2), n >0,

where b, = 0 and \,, = 1/4.
Note that {U,(z)}n>0 is also an OPS for £. Using calculus we can prove that the moments

9 1
pn = L(z™) = 7/ 2" (1 — 22)Y?da

T™J-1

are given by

1

Hon = 470”, H2n4+1 = 0. (511)

We will prove this combinatorially using the combinatorial interpretation for p,,.
By Theorem
1 n/2
= 3 wm= ¥ (5)

wEMotzy, w&€Dyck,,

Thus 1
Han = 47| DkaQn |7 Hon+1 = 0.

This is the same as (5.1.1)).

Now we consider the Tchebyshev polynomials of the first kind, 7, (x) = cosnf, x = cos#.
Recall that

/ T ()T (2) (1 — 22) "1 2da = 0, m % n.

-1
Let £ be the linear functional defined by

L) =7 [ ) —a?) e

Then {T},(x)}n>0 is an OPS for £ and £(1) = 1. The moments

1 1
tn = L(z™) = f/ (1 — 22"V 2dx

T™J-1

are given by

22n \ n

1 (2n
Mon = ( >, Hon+1 = 0. (512)

We will prove this combinatorially. X R
The monic Tchebyshev polynomials of the first kind are given by Tp(z) = 1 and T, (x) =
21=17T,,(z) for n > 1. We have

Tri1(z) = (x — b)) Tp(x) = MTp1(z),  n>0,

where b, =0 for n >0, Ay =1/2, and \,, = 1/4 for n > 2.
By Theorem [4.3.1]

1 n/2
_ _ (= a(m)
= 3w = (7)) X 2
mEMotz, m&Dyck,,

where a(m) is the number of down steps in 7 touching the z-axis. Thus (5.1.2) is a consequence
of the following proposition.
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N

Figure 5.1: The map reflecting each path with a red down step.

Proposition 5.1.1. We have

AR <2:) (5.1.3)

mw€Dyck,,,

Proof. Define a colored Dyck path to be a Dyck path in Dyck,, such that every down step
touching the z-axis is colored red or black. The left-hand side of the equation is the number of
colored Dyck paths in Dyck,,. Thus it suffices to show that this number is equal to (2721)

Note that every Dyck path m € Dyck,,, is decomposed into

7= (UmD)(UnyD)--- (UnD),

where m; € Dycky,, for some t; € Z>o. Each down step D after m; touches the z-axis and no other
down steps have this property. Thus a colored Dyck path can be identified with a sequence of the
form

™= (U’/TlDl)(U'ITQDQ) ce (U’ﬂ'ka)>

where each D; is colored red or black. If D; is colored red, reflect the subpath Um; D about the
z-axis. Then we get a path from (0,0) to (2n,0) consisting of up steps and down steps (which
may go below the x-axis).

This map gives a bijection between the colored Dyck paths from (0,0) to (2n,0) to any path
from (0,0) to (2n,0) consisting of up steps and down steps. Since there are (27;1) such paths, we
obtain the result. O

5.2 Hermite polynomials
The Hermite polynomials H,(z) are defined by H_;(z) =0, Ho(z) = 1, and
Hy1(x) = 2¢H,(x) — 2nH, (), n> 1.

Since the leading coefficient of H,,(z) is 2", we can make it monic by letting H,(z) =2 "H,(z).
Then H_y(x) =0, Ho(z) =1, and
N ~ n -
H,1(x) =axH,(x) — §Hn_1(x), n>1. (5.2.1)
For the combinatorial study of orthogonal polynomials, it is more convenient if the recurrence
coefficients b, and )\, are integers. We can rescale orthogonal polynomials using the following
lemma.

Lemma 5.2.1 (Rescaling OPS). Suppose that {P,,(x)}n>0 is a monic OPS such that P_,(z) =0,
Py(xz) =1, and
Poi1(z) = (2 — by) Po(z) = My P (), n>1. (5.2.2)
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Let Py(z) = a™P,(x/a), where a # 0. Then P_y(z) =0, Py(z) =1, and

Poi1(z) = (z — aby)Po(z) — a®X\Po_q(z), n>1. (5.2.3)
Proof. Replacing = by x/a and multiplying both sides by a”** in (5.2.2) yields (5.2.3)). O

Define the rescaled Hermite polynomials H,, (z) by H,(z) = V2" H,(2/v/2). By Lemmal5.2.1]
and (5.2.1), H_1(z) =0, Hi(x) =1, and

Hypii(z) = oH, () — nHy_1(z), n>1. (5.2.4)

We note that H,(z) are called “physicist’s Hermite polynomials” and H,(x) are called “prob-
abilist’s Hermite polynomials”.
The moment p,, of {H, (z)},>0 is given by

Hn = Z wt(m),

wEMotz,,

where wt(7) is determined by b, = 0 and A,, = n. Since b,, = 0, we have p,411 = 0 and

Hon, = Z wt ().

mEDyck,,,

Note that for each m € Dyck,,,, its weight wt(7) is a positive integer. It is thus natural to ask
what combinatorial objects wt(7) counts.

Definition 5.2.2. A Hermite history is a Dyck path where each down step starting at height
k has a label in {1,...,k}. Let HHy, denote the set of Hermite histories whose underlying Dyck
paths are from (0,0) to (2n,0).

Let m € Dyck,,,. For each down step of 7 starting at height k, there are k ways to assign a
label from {1,...,k}. Thus wt(7) is the number of Hermite histories with underlying Dyck path
7. This implies po, = | HHgy, |.

Let CMy,, be the set of complete matchings on [2n].

Proposition 5.2.3. There is a bijection between HHs,, and CMa,,.

Proof. Let m € HHy,,. We construct a complete matching p as follows. For k = 1,...,2n, if the
kth step of m is an up step, then make the kth vertex of p to be an opener, which means it will
be connected to a vertex to its right. If the kth step of 7 is a down step, then make the kth vertex
of p to be a closer, which means it will be connected to a vertex to its left. If the kth step of 7 is
a down step with label a, then connected the vertex at k with the kth closest available opener.
For example, see Figure 5.2

Observe that the height of the starting point of the kth down step is equal to the number
of available openers for the vertex k. Therefore the map m — p is well-defined. The inverse
map p — 7 is straighforward to construct. Hence the map 7 — p is a bijection from HHs,, and
CMay,. O

Since the number of complete matchings on [2n] is (2n — 1)!!, we obtain the following result.

Corollary 5.2.4. The 2nth moment of rescaled Hermite polynomials f{n(x) 18

tan = (2n — D).
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O ¢ oo o d UV DV
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Figure 5.2: A Hermite history (top), the openers and closers (middle), and the corresponding
matching (bottom).

5.3 Charlier polynomials

The (normalized) Charlier polynomials C),(z;a) are defined by C_1(z;a) = 0, C1(z;a) = 1,
and
Cnt1(z;a) = (& —n —a)Cp(z;a) — anCph_1(z;a), n>1.

Definition 5.3.1. A Charlier history is a Motzkin path where each horizontal step at height &
has a label in {0,1,...,k} and each down step starting at height & has a label in {1,...,k}. Let
CH,, denote the set of Charlier histories whose underlying Motzkin paths are from (0, 0) to (n,0).
For p € CH,,, define t(p) to the number of horizontal steps with label 0 plus the number of down
steps.

Since by = k + a and Ay = ak, by the definition of the Charlier histories, the moment pu,, of
the Charlier polynomials is given by

iy = Z wt(m) = Z at®),

mEMotz, peCH,,
For a set partition o, let block(o) denote the number of blocks in o.

Theorem 5.3.2. The moment p, of the Charlier polynomials is given by

T Z ablock(o)'

oell,

Proof. We will construct a weight-preserving bijection ¢ : CH,, — II,,. Let p € CH,,. We construct
the corresponding set partition ¢(p) = o € II,, as follows. For k =1,...,n,

e if the kth step of p is an up step, then make the kth vertex of o to be an opener,
e if the kth step of p is a down step, then make the kth vertex of p to be a closer,

e if the kth step of p is a horizontal step, then make the kth vertex of p to be a transient,
which means that it is connected to a vertex to its left and also a vertex to its right.
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Figure 5.3: A Charlier history (top), the openers, closers, and transients (middle), and the corre-
sponding set partition (bottom).

If the kth step of p is a down step with label aj, then connected the vertex at k& with the kth
closest available opener or transient. If the kth step of p is a horizontal step with label ay, then
connected the vertex at k with the kth closest available opener or transient. Here, if ap = 0, we
the vertex k is connected to itself making it a singleton. For example, see Figure [5.3]

It is not hard to see that ¢ : CH,, — II,, is a bijection. Moreover, if ¢(p) = o, then t(p) =
block(c). This can be seen from the observation that every block of p is either a singleton
(corresponding to a horizontal step with label 0) or a block with exactly one closer (corresponding
to a down step). This completes the proof. O

5.4 Laguerre polynomials

The (normalized) Laguerre polynomials L (x) are defined b L(fl) (x) =0, L(la) () =1, and
L) (@) = (x = 20— )L (z) = n(n — 1+ )L (z),  n>1.

Lemma 5.4.1. Suppose that {P,(x)}n>0 is a monic OPS such that

Poyi(x) = (x = bp)Pp(z) — ap—1¢,Pr_q ().

o, = Z wt' (),

wEMotz,,

Then

where wt' () is the product of the weights of the steps in m and
e the weight of an up step starting at height k is ag,
e the weight of a horizontal step at height k is by,
o the weight of a down step starting at height k is ci.
Proof. We know that

Uy = Z wt(m),

mTEMotz,

11n the literature it is more common to define the Laguerre polynomials with o replaced by a+1 in our definition.
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ao C1 | ao C1

Figure 5.4: Splitting the weight A\, = ar_1¢x into ax_1 and cy.

where wt(7) is the product of by for each horizontal step of height k and A\, = agcy, for each down
step starting at height k. Observe that for 7 € Motz, every down step corresponds to a unique
up step. More precisely, if we write 7 as a sequence of steps S7 - - - .S, and if S; = D, then there is
a unique index j such that S; = U and S;41---S;_1 is a (translated) Dyck path in Dyck,_;_;.
Thus we can split the weight A\ = arcr on a down step starting at height £ into the weight
ay, of the corresponding up step and the weight ¢ of the down step as shown in Figure This
proves the lemma. O

By Lemma the moment of the Laguerre polynomials is given by

pn= Y wt'(m), (5.4.1)

mEMotz,,
where ar, = k + a, by =2k 4+ «, and ¢, = k.
Definition 5.4.2. A Laguerre history is a Motzkin path where
e each up step starting at height k has a label in {0,1,...,k},
e each horizontal step at height &k has a label in {—k,...,—-1,0,1,...,k},
e cach down step starting at height k has a label in {1,2,...,k},

Let LH,, denote the set of Laguerre histories whose underlying Motzkin paths are from (0, 0)
to (n,0). For p € LH,,, define zero(p) to be the number of labels equal to 0 in p.

Then (5.4.1)) is equivalent to
T Z Oézero(p)'

peLH,

There are several bijections between &,, and LH,, due to Frangon—Viennot [5], Foata—Zeilberger
[], see also [3, Algorithm 7]. To prove the following theorem we use a slight modification of the
bijection due to Frangon—Viennot [5].

T Z acycle(w)'

TES,

Theorem 5.4.3. We have

Proof. Tt suffices to find a bijection ¢ : LH,, — &,, such that if ¢(p) = 7, then zero(p) = cycle(r).
Consider m € LH,, and let S be the kth step of m and let ¢ be its label.

For each k = 0,1,...,n, we will construct a list A of cycles of integers and dots, e’s. First
we set Ag = (). We then construct A, recursively as follows.

Case 1: Sy is an up step.
Case 1-1: ¢, = 0. Create a new cycle “(ke)” at the beginning:

Ak == (k/’.)Akfl.
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Figure 5.5: A Laguerre history in LHy;.

Case 1-2: /;, =i > 0. Replace the ith dot in Ax_; by “eke”.
Case 2: S is a horizontal step.
Case 2-1: ¢, = 0. Create a new cycle “(k)” at the beginning:
A = (k)Ap_1.
Case 2-2: /;, =i > 0. Replace the ith dot in Ax_; by “ke”.
Case 2-3: ¢, = —i < 0. Replace the ith dot in Ax_1 by “ek”.
Case 3: S; is a down step. Then ¢, =i > 0. Replace the ith dot in A;y_1 by “k”.

Then we define ¢(p) to the permutation m whose cycle decomposition is A,,.
For example, if p is the Laguerre history in Figure then

Ag =10,

A1 =(1,0),

As =(1,e,2)0),

As = (3),(1, 0,2, 0),

Ay =(3),(1,4,2, 0),

As =(5,0),(3),(1,4,2, @),

As = (5,0),(3),(1,4,2, 0,6, @),

A7 =(5,0),(3),(1,4,2,0,7,6,0),
Ag = (5,0),(3),(1,4,2,,7,6,8),
Ag = (5,0),(3),(1,4,2,9,0,7,6,8),
Ao = (5,9),(3),(1,4,2,9,10,7,6,8),
A = (5,11),(3),(1,4,2,9,10,7,6,8).

The number of dots in Ai_; is always equal to the ending height, say hp_1, of S1---Sk_1.
Since hi_1 is the height of the starting point of Sk, we have |€;| < hi—1. Hence, if || =i # 0,
we can always find the ith dot in Ax_; and the above construction is well defined.

We create a cycle if and only if £, = 0. Thus, zero(p) = cycle(n) as desired.

To prove that the map ¢ : LH,, — &,, is invertible, we construct its inverse map. Let 7 € &,,.
Then we write the cycles of &,, so that each cycle starts with its smallest element and the cycles
are listed in the decreasing order of their smallest elements. Let A,, be the list of cycles obtained
in this way. For k =n,n—1,...,1,0, we define A;_; to be the configuration obtained from Ay by
replacing k together with every dot “e” adjacent to it by a single dot “e”. If k forms a cycle of
length 1, then we delete the whole cycle “(k)”. Once the sequence Ag, A1, ..., A, is constructed,
we can define the corresponding Laguerre history p whose kth step is Sy with label ¢; as follows.

For each k =1,...,n, we compare Ay with Ag_1.
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Case 1: A, = (ke)Ag_1. Then define S, = U and ¢;, = 0.

Case 2: Ay is obtained from Ag_1 by replacing the ith dot by “eke”. Then Sy, = U and ¢} = 1.
Case 3: A, = (k)Ak—1. Then define Sy, = H and ¢, = 0.

Case 4: Aj is obtained from Ag_1 by replacing the ith dot by “ke”. Then Sy = D and ¢} = i.
Case 5: A is obtained from Ajg_; by replacing the ith dot by “ek”. Then Sy, = D and ¢, = —i.

Then we define ¢ () to be the resulting Laguerre history p.
By the construction, v is the inverse map of ¢, and the proof is completed. O

By Theorem and (3.4.4]), we obtain the simple formula for pu,,.

Corollary 5.4.4. The nth moment of Laguerre polynomials is
n =ala+1)---(a+n-—1).

Note that the bijection ¢ : LH,, — &,, induces two bijections ¢; : CH,, — II,, and ¢5 : HH,, —
CM,,.

To see this, observe that a Laguerre history becomes a Charlier history if every up step has
the zero label, and every horizontal step has a nonnegative label. Then in the corresponding list
A, of cycles, every cycle is an increasing list of integers. Hence the cycles can be identified with
blocks giving a set partition.

Similalry, a Laguerre history becomes a Hermite history if every up step has the zero label,
and there is no horizontal step. Then in the corresponding list A,, of cycles, every cycle is a pair
(i,4) of integers i < j. Hence the cycles can be identified with arcs giving a complete matching.

At this point the reader may wonder if there is another bijection between Laguerre histories
and permutations similar to the bijections in the previous sections using arcs. Indeed, there is such
a bijection due to Foata and Zeilberger [4]. We will briefly describe this bijection. For simplicity
we consider the case a = 1. In this map we use the usual Motzkin weight which gives a weight
by, = 2k +1 for a horizontal step starting at height k£ and a weight A, = k2 for a down step starting
at height k.

A modified Laguerre history of length n is a Motzkin path from (0,0) to (n,0) in which

every horizontal step with starting height k is labeled by an integer in {—k,...,—1,0,1,...,k}
every down step with starting height k is labeled by a pair (i,5) of integers in {1,...,k}.

Let p be a modified Laguerre history. For k = 1,...,n, we construct a diagram on n vertices
as follows.

(1) The kth vertex is an opener, a closer, a fixed point, an upper transient, or a lower
transient if the kth step of p is an up step, a down step, a horizontal step with label 0, a
horizontal step with label 0, a horizontal step with positive label, or a horizontal step with
negative label, respectively.

(2) Using the label ¢; of the kth step of p, we connect a closer, an upper transient, or a lower
transient similarly to the bijections in the previous sections.

For example, see Figure [5.6

Then the resulting diagram represent a permutation = where 7(¢) = j if ¢ < j and i is connected
to j with an upper arc or ¢ > j and i is connected to j with a lower arc. If there is no arc connecting
i, then 7 (i) = i. For example, the diagram in Figure represent the following permutation:

7T71234567891011
~\4 8 3 2 9 11 5 7 10 1 6

It is not hard to show that the above map p — 7 is a bijection from the set of modified
Laguerre histories of length n to &,,. Moreover, this map has the property max(p) = LRmax(7),



CHAPTER 5. MOMENTS OF CLASSICAL ORTHOGONAL POLYNOMIALS 47

3,1

2,1 1,2

1,1

Lo p L Aap T pp
Aordovss)

Figure 5.6: A modified Laguerre history in LH;; and the corresponding diagram representing a
permutation.
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where max(p) is the number of maximum possible labels of a horizontal step plus the number of
maximum possible labels in the first component of a down step and LRmax(7) is the number of

left-to-right maxima of = = 7y - - - 7,,, that is m; such that m; = max{my,...,m;}. This implies that
L = Z aLRmaX(ﬂ').
TES,,

For example, suppose p and 7 are as in Figure Then the ith step is a horizontal step with
maximum possible label or a down step with maximum possible lable in the first component for
1 =4,8,9,11. The left-to-right maxima of 7 are exactly 4, 8,9, 11.



Chapter 6

Duality between mixed moments
and coefficients

Suppose that {P,(z)}n>0 is a monic OPS given by

P.(z) = Z yn’kxk.
k=0

In this chapter we will show that

" = Zﬂn,kpk(x)7
k=0

where p, . = L(z"Py(2))/L(Pk(z)?) is the mixed moment. We then show the duality between
the mixed moments fp,, ; and the coefficients v, ;, combinatorially. As special cases we obtain
various known dualities among binomial coefficients, g-binomial coefficients, Stirling numbers,
and elementary and homogeneous symmetric functions.

6.1 Mixed moments and coefficients
As before suppose that {P,(x)},>0 is a monic OPS with a linear functional £ given by

Poi1(x) = (z —bp)Pp(z) — AP ().

Recall from Definition and Theorem that the mixed moment p, ; has the following
combinatorial interpretation:

L(z" Py (x)) Z

Hnk = L(Pe(a) = wt(m).

TFEMOtZ,,L,k

where Motz,, 1 is the set of Motzkin paths from (0,0) to (n, k).

Proposition 6.1.1. We have

Proof. Let

49
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-\ —bs —by —by
[0

Figure 6.1: A Favard tiling T € FTg 3 with wt'(T") = \1b3b4b7.

Multiplying Pj(x) and taking £ both sides, we obtain
L(z"Py(x)) = 0p 1 L(Pr(z)?).

Hence
L(z"Pr(x)) —
L(P(z)2) — P

as desired. 0

On,k =

Now let vy, . be the coefficient of z* in P, (x) so that
n
2" =" pn ik Pr(),
k=0

P, (x)= Z Vn,kxk.
k=0

Since { P, (x)}n>0 and {2" },,>0 are bases of the space of polynomials, we have the following matrix
identities:

(Vn,k)n,kzo (Nmk)n,kzo = (#n,k)n,kzo (mG)n,kzo =1

Equivalently,
Z Un kMlkm = 5n,m7 (6.1.1)
k>0
Z,Ufn,kyk,m = 5n,m~ (612)
k>0

Since we have combinatorial interpretations for p, , and v, ;, we can prove the above matrix
identities combinatorially. In fact, in the next section we will prove these combinatorially without
the assumption that Ag # 0.

6.2 Combinatorial proof of duality

Suppose that {by, }n>0 and {\,},>1 are arbitrary sequences (A, may be zero). Then we can take
the following as definitions:

= > wilm),

TI'EMOtZ,,L,k

Upk = Z wt'(T),

TEFT,

where FT,, j is the set of Favard tilings in FT,, with k red monominos, see Figure Observe
that pinr =vpr=0ifn <k.

The following theorem can be proved similarly to the proof of Theorem We give a proof
of this theorem to compare it with that of the next theorem.
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Theorem 6.2.1. For nonnegative integers n and m, we have

§ Un,kk.m = 5n,m~

k>0

Proof. Since the proof is similar to that of Theorem we only give a sketch. Note that the
sum in the theorem is 0 if n < m because v, it m = 0 unless n > k > m. Thus we may assume
n > m.

Let X be the set of pairs (T, 7) of a Favard tiling T' € FT,, ;, and a Motzkin path 7 € Motz ,,
for some m < k <n. Let Y be the set of pairs (T, 7) of a Favard tiling T' € FT,, ,, and a Motzkin
path m € Motz,, ,, such that T" has red monominos only and 7 has up steps only. Then Y has a
unique element if n = m; and Y = ) if n # m.

Our goal is to find a weight-preserving sign-reversing involution ¢ : X — X with fixed point
set Y. To do this, let (T,7) € X with T € FT,, , and m € Motzy, ,,,. We write 7 = 5152 --- Sy as
a sequence of steps. Let a,u be the integers defined as follows:

e a is the largest integer such that T starts with a red monominos,
e v is the largest integer such that 7 starts with u up steps.

We define ¢(T,7) = (T’,7’) in the following way. Here, o', u’ are the integers defined similarly as
above using 7" and 7’.

Case 1 u < a. There are two subcases.

Case 1-1 S, is a horizontal step. Let

—

7 =818yt Sk,

and define T to be the Favard tiling obtained from T by replacing the (u 4 1)st red
monomino by a black monomino. See Figure [6.2

Case 1-2 S, ;1 is a down step. Let
7 =81 Su8u11- Sk,

and define T to be the Favard tiling obtained from T by replacing the uth and (u+1)st
red monominos by a domino. See Figure [6.3]

Case 2 u > a # n. Let A be the (a + 1)st tile in 7. There are two subcases.

Case 2-1 A is a black monomino. In this case let
7' = Sy SuH Sai1 - Sk,

and define T” to be the Favard tiling obtained from T by replacing A by a red monomino.
See Figure (with the roles of (T, 7) and (T”, ') interchanged).

Case 2-2 A is a domino. In this case let
7T/ = Sl . ..SaUDSa+1 .. .Sk,

and define 7" to be the Favard tiling obtained from T by replacing A by two red
monominos. See Figure (with the roles of (T,7) and (T”,7’) interchanged).

Case 3 u > a =n. Since u < k <n, we must have u = ¢ = n. Then T has only red monominos
and 7 has only up steps. We define (7", 7") = (T, 7).
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ba

™= 7=

\\// \\//

u=2 u' =2
—bs —bo—b3

r- OMOEGEIEER - EEIEIEEE

R/B_/ \\//2/

a= a =

Figure 6.2: A pair (T,7) € X in Case 1-1 on the left and the corresponding triple (77, 7’) € X in
Case 2-1 on the right.

>
\)

™= =
S~ S~
u=2 u =3
_b3 —)\2 —b3
— a'=1
a=3

Figure 6.3: A pair (T, 7) € X in Case 1-2 on the left and the corresponding triple (7”,7’) € X in
Case 2-2 on the right.
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The map ¢ : X — X is a weight-preserving sign-reversing involution with fixed point set Y.

Hence
S owt'(Mwt(r) = Y wt' (T)wt(r) = Gp.m.

(T,m)eX (T,ym)eY

Now we prove the other duality.

Theorem 6.2.2. For nonnegative integers n and m, we have

§ Hn kVkm = 5n,m~

k>0

Proof. The proof is quite similar to that of Theorem [6.2.1] except that we consider the end of a
Motzkin instead of its beginning. Again, we may assume n > m.

Let X be the set of pairs (7, T) of a Motzkin path 7 € Motz, ; and a Favard tiling T € FT ,,
for some m < k < n. Let Y be the set of pairs (m,T) of a Motzkin path = € Motz,,,, and a
Favard tiling T' € FT,, ,,, such that 7 has up steps only and 7" has red monominos only. Then Y’
has a unique element if n = m; and Y = ) if n # m.

Our goal is to find a weight-preserving sign-reversing involution ¢ : X — X with fixed point
set Y. To do this, let (7,7T) € X with 7 € Motz,, ;, and T € FTy,,, with m < k < n. We write
T = Sp,S5,-1--51 as a sequence of steps. Let a,u be the integers defined as follows:

e a is the largest integer such that 7" end with a red monominos,
e v is the largest integer such that 7 ends with u up steps.

We define ¢(m,T) = (7/,T") in the following way. Here, a’,u’ are the integers defined similarly as
above using 7’ and T".

Case 1 n # u < a. There are two subcases.

Case 1-1 S, is a horizontal step. Let 7’ be the Motzkin path obtained from 7 by replacing
Su+1 by U and define T” to be the Favard tiling obtained from T by inserting a black
monomino before the last u red monominos. See Figure [6.4]

Case 1-2 S, is a down step. Let 7’ be the Motzkin path obtained from 7 by replacing
Su+1 by U and define T” to be the Favard tiling obtained from T by inserting a black
domino before the last u red monominos. See Figure [6.5]

Case 2 u > a. Since a < u < k, we can let A be the (a + 1)st tile from the right in 7. There are
two subcases.

Case 2-1 A is a black monomino. Let 7’/ be the Motzkin path obtained from 7 by replacing
Sqr1 by H and define T to be the Favard tiling obtained from T by deleting the
(a + 1)st tile from the right in T'. See Figure (with the roles of (7,T) and (7', T")
interchanged).

Case 2-2 A is a domino. Let 7’ be the Motzkin path obtained from 7 by replacing S, 11 by
D and define T” to be the Favard tiling obtained from T by deleting the (a + 1)st tile
from the right in 7. See Figure[6.5] (with the roles of (m,T) and (', T”) interchanged).

Case 3 n =u < a. Since n > m > a, we must have u = a = n. Then T has only red monominos
and 7 has only up steps. We define (7/,7") = (7, T).

The map ¢ : X — X is a weight-preserving sign-reversing involution with fixed point set Y.

Hence
Z wt'(T) wt(r) = Z wt' (T) wt () = 8-

(m, TY)eX (w, T)EY
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T = b2 7=
W_/
u=3 u=5
—bo —bo  —b2
T- T =
S —
a=4 a'=3

Figure 6.4: A pair (T,7) € X in Case 1-1 on the left and the corresponding triple (77, 7’) € X in
Case 2-1 on the right.

™= $ =
—
uw=3 u' =5
—bo —bo —A3
T = r = RICEEEE]E]
S —
a=4 a'=3

Figure 6.5: A pair (T, 7) € X in Case 1-2 on the left and the corresponding triple (77, 7’) € X in
Case 2-2 on the right.
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xs3 Ty
3 3
T2 T2
2 2
T X1 Z1 Ty
1 1
0 0
0 1 2 3 4 5 6 7 0 1 2 3 4

Figure 6.6: A path with steps U = (1,1) and H = (1,0) on the left and the corresponding path
with steps U’ = (0,1) and H = (1,0) on the right.

6.3 Special case: elementary and homogeneous symmetric
functions

For the rest of this chapter we will study several special cases of the duality between p, ;. and
Vp k. In this section we consider the case that b are arbitrary and A\ = 0. The next sections will
cover some interesting special cases of this.

Suppose that by = x and A\ = 0, where xg, x1, ... are indeterminates. Observe that if Ay = 0,
then m € Motz,, j is a path from (0,0) — (n, k) consisting of up steps U = (1,1) and horizontal
steps H = (1,0). By replacing each U = (1,1) by U’ = (1,0), we can identify 7 as a path from
(0,0) to (n — k, k), see Figure

Therefore we can write

b= X i),

7:(0,0)—(n—k,k)

where the sum is over all paths 7 from (0, 0) to (n — k, k) with steps U’ and H, and wt(w) is the
product of xj for each horizontal step of height k. Such a path is completely determined by its
weight. For example, the path in Figure is the unique path from (0,0) to (4,3) with weight

x%zgxg. Moreover, every weight is of the form x;, ---x;, , with 0 <4 <... <4, < k. Thus

Hnk = Z iy * o Ty (6.3.1)

0<i1 <<ty <k
This is a homogeneous symmetric polynomial.

Definition 6.3.1. Let « = (xg,1,...) be a sequence of variables. A power series f(zg,Z1,...)
in the variables x is called a symmetric function if it is invariant under permuting variables. A
homogeneous symmetric function hj is defined by

hk: E Tijy v Ty, -
11 <<t
An elementary symmetric function e is defined by
[ E Tijq v Ty, -
iy <o <

We define hg = eg = 1 and hy, = e, = 0 if £ < 0. A homogeneous symmetric polynomial
hi(zo, x1,...,xy,) is defined by

hi(xo, 1, ..., xn) = Z Xy -+ Ty

0<ip << <n
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—X1 —x3 —X4 —Xg

Figure 6.7: A Favard tiling with red monominos and black monominos.

An elementary symmetric polynomial eg(xg, z1,...,x,) is defined by
er(To, X1,y Tpn) = E Xy o T -
0<iy < <ip<n

For example,

hi(xo, 21, 22) = e1(xo, 21, 2) = To + 1 + T2,

( ) =
hg(l‘ , X1, 2):$ +Jf?+l‘§+xol‘1 +$0:C2+J?1JJ2,
( ) =

e2(Zo, 21, T2 ToT1 + Tox2 + T1X2,

63(960,%1,332) ToL1T2.
Then we can rewrite (6.3.1]) as follows.
Theorem 6.3.2. Suppose that by, = x and Ay, = 0. Then

Wn ke = hn—k(x0, 1, ..., Tk).

Now we consider

Up k= Z wt'(T).

TEFT, i

Since A\; = 0, every T' € FT,, ; has red monominos and black monominos only. Hence, T is
determined by choosing n — k squares for black monominos in a 1 x n board. Moreover, wt'(T) is
of the form (—1)" %z, -- -a;,_, for some 0 <y < -+ <idp_p <n—1, see Figure This shows

that
Uk = )R G0 i FRRPP .

0<i1 <+ <ip_p<n—1

This can be restated as follows.

Theorem 6.3.3. Suppose that by, = xi+1 and A\, = 0. Then

Unk = (=1)"Fe, (w0, 21, ..., Tno1).

By the duality (Theorem and Theorem [6.2.2)) and Theorem and Theorem we

obtain the following corollary.

Corollary 6.3.4. The following matriz identities hold:

(hn—k(0, T1, - Tk)),, 10 (1) *e,_g(20, 21, .. ’xn*l))n,kzo =1,

((,1)”*k6n_k($o,$1, e ‘rn_l))n,kZO (hn_k(xo, Tiy..- ’xk))n,kEO =1.

Equivalently, for fixed integers n,m > 0,

Z B—i(xo, 21, oy 2k) (=) " eh—m (20, T1, . .., Tp1) = On,m,s (6.3.2)
k>0
> (1" Fen k(o 21, -y Tt ke (0, 71, - Tan) = O (6.3.3)

k>0
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Suppose that N =n —m > 0. Then, by shifting the index k — k 4+ m in (6.3.3]), we have
Z(*l)NikeN—k('TOaxlv s T N—1) P (T0, 1, - - Tm) = 0.
k>0
If we let m — oo, we obtain the well-known identity

Z(_l)keN—khk = dnN,0-

k>0

6.4 Special case: binomial coefficients

In this section we consider the case b, = 1 and A\ = 0. We will show that the duality of this case
is related to the principle of inclusion and exclusion.

Suppose by = 1 and Ay, = 0. As observed in the previous section, in this case p, i is the
number of paths from (0,0) to (n — k, k) using steps (1,0) and (0,1). Thus p, , = (Z) On the

other hand, v, is (—1)"* times the number of Favard tilings of size n with k& red monominos

and n — k black monominos. Hence vy, = (—1)"7%(}).

Proposition 6.4.1. If by =1 and A\ = 0, we have

in () ()

As a corollary, we obtain the following duality between binomial coefficients.

Corollary 6.4.2. We have

(). (). (). (),
Equivalently, B
((Z))n,m - ((_1)n_k (Z))n’m : (6.4.1)

Equation (6.4.1) has an interesting connection with the principle of inclusion and exclusion.
To see this, suppose that Ay,..., A, are subsets of a set X. For a subset I C [n], we define

A_r={r e X:x € A;ifand only if i € I},
Asi={re X :z €A foralliel}

In other words, A_; is the set of elements = which are contained in exactly those A; for i € I and
Ay is the set of elements  which are contained in at least those A; for i € I.

Note that
Asr=[4Ai=J A=
il JDI
Thus
EESTED PV (6.4.2)
JDI

We can invert this equation as follows, which is a form of the principle of inclusion and exclusion.

Lemma 6.4.3. For any subset I of [n], we have

[A—r| =D (-1 A5, (6.4.3)

JoI
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Proof. We will prove this by considering the contribution of each element x € X to both sides of
the equation. Note that every x € X is contained in Ay for a unique subset K of [n]. We consider
the following three cases.

Case 1: K = I. Then the contribution of x in both sides is 1.

Case 2: K D I. Then the contribution of x to the left-hand side is 0. The contribution of = to
the right-hand side is

K —T|
DRGNS SN CILES DIC I (i) B
ICJCK JC(K—T) §=0 J

Case 3: K 2 I. In this case the contribution of x in both sides is 0.

Since the contribution of = to both sides is always the same, the identity holds. O

If I = (), we obtain the following common form of the principle of inclusion and exclusion:

n

45N NA =D (=18 Y 4NN A

k=0 i1 <<
= |X]| = [As] = = |An]
+ A1 N A+ [AiNAs|+ -+ A1 N A,

+(=D"A1 NN A,

Example 6.4.4. A derangement is a permutation without fixed points. Let d,, be the number
of derangements in &,,. To compute d,,, we define X = &,, and A; = {7 € X : w(¢) =i}. Then

dn =|A_g| = > (117|451,
JC|[n]

If J = {j17' . ,jk}7 thel’l ‘A2J| - (n —_ I{;)' ThU.S

Note that

dn = (_1)k 1
o= kz T 0.367879441171 - - - .
=0

In the previous example, A—_; and A>; depend only on the cardinality of I. In this case let
ar = |A=y| and by = |A>;| for any subset I of cardinality k. Then (6.4.2) and (6.4.3) can be
written as

n n—k n—k n—k
bk:Z(j—k)“j:Z< j )“”’“’

j=k j=0

a = Z(—l)j-k(?:',j) bj = S_j:(—l)j (" ; ’“) byt

i=k
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To make things look nicer, let b}, := b,_j and a}, := an—,. Then the above equations can be
rewritten as

n—k n—k n—k n—k

j=0 j=0
/ _n_k 1] n—k / _n_k 1n7kfj n—k b/
an—k_Z(_ ) ’I’L—k—j n—k—j_Z(_ ) ] ‘N
7=0 j=0

Finally, replacing k& by n — k, we obtain

=0
k
-k
ay = (D“(.)bg
i=0 J
Equivalently,
b, m agp
=01
b I/ ) ig=0\
ag N b
| = (o))
o 177 i5=0 \ o

Since a; and b} can be anything, we have the following matrix identity:

(G))..=(==C)).,.

which is equivalent to (6.4.1)).

6.5 Special case: ¢-binomial coefficients

In this section we consider the case by = ¢* and A\, = 0. This case gives ¢g-binomial coefficients.
We first need some definitions. From now on, we treat g as an indeterminate.

Definition 6.5.1. For a nonnegative integer n, the g-integer [n], is defined by

[n]q: :1++qn71

We also define [}] =0 ifn < k.

Note that if ¢ = 1, then

g =n,  [n]! =nl, [ZL - (Z)
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Figure 6.8: The Young diagram of the partition A = (4,3,1) and its transpose X' = (3,2,2,1).

4

0 1 2 3 4 5

Figure 6.9: The path corresponding to a partition A = (4,3,1) contained in a rectangle (5%).

Lemma 6.5.2. For 0 < k <n, we have

nl nk{nl} {nl}
=q + . (6.5.1)
H It 3
Proof. We compute
ek [n—l} {n— 1} " 1]y N [n —1],!
k—1], k1, n— K|k —1],!  [n—1—k]k],"
[n —1]g! —k
= —— (" "lk —k
[n—1]g! n
=———2 [n], = . O
[0 — Klg!klg! " k],
Definition 6.5.3. A partition is a sequence of nonnegative integers A = (A1,...,A¢) with A\ >

- > M. Each ); is called a part of A\. The size of \ is defined to be |A] = Ay + -+ + Ap.
The Young diagram of X is a left-justified array of squares where the ith row has A; squares.
The transpose ) of )\ is the partition whose Young diagram is obtained by reflecting the Young
diagram of A along the diagonal as shown in Figure [6.8|

Let (a’) denote the partition with b parts equal to a. For two partitions A\ and u, we write
1 C A to mean that the Young diagram of p is contained in that of A\. Note that considering the
Young diagram, A C ((n—Fk)*) can be identified with a path from (0,0) to (n—Fk, k), see Figure
The following proposition shows that the g-binomial coefficient [Z] . is always a polynomial in q.

Proposition 6.5.4. For 0 < k <n, we have
n
M = > (6.5.2)
9 AC((n—k)*)

Proof. We prove this by induction on n. If n = 0, then k£ = 0, and both sides are equal to 1. Let
n > 1 and suppose that the statement holds for n — 1. To prove the statement for n, it suffices to
show that the right-hand side of the equation satisfies the same recurrence as (6.5.1)).
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To this end consider A = (A\1,...,\yx) C ((n — k)F). If Ay = n —k, then (\g,..., \yz) C
- —k—-1

(n=F)"") =((n=1-(Fk-1))""). T\ <n—Fk—1, then (\,...,\—) C ((n )").
Thus

AC((n—k)k) AC((n—1—(k—1))*~1) AC((n—1-k)¥)
which is the same recurrence as ([6.5.1)). O

Note that by taking the transpose of A, we can rewrite (6.5.2)) as
n
M = > 4" (6.5.3)
q

Now we are ready to consider the mixed moments and coefficients when b, = ¢* and A, = 0.

Proposition 6.5.5. If b, = ¢* and \;, = 0, we have

el e

Proof. By Theorem and Theorem we have

Hn,k = hn—k($07 T1y.-. 7xk)7

Unk = (_1)niken—k(x07 T1yew- 73:71—1)7

where x; = ¢'. Thus, by (6.5.2),
o i1t tin_n el n
Hn,k = E q" b= E q” = |:k:|q

0<in <+ <ip_p<k nC(kn—k)

The second identity follows from

€n—]€(1aq,---;qn) = Z qll-‘r"--‘rzn,k
0<ir< <in_p<n—1
= 0+1++(n—k—=1) ji1+~+jn_
B Z q (n )qjl Jn—k

OSJlSSJn—kSk
n—k n—k\ [T
COEDS qwqm{k],
pC(kn=Fk) a

where the change of indices (i1,%2,...,ip—k) = (J1 + 0,52+ 1,.. ., jn—k +n—k + 1) isused. O

6.6 Special case: Stirling numbers

In this section we consider the case by, = k and A\ = 0. In this case we obtain the duality between
Stirling numbers of the first kind and second kind.

Theorem 6.6.1. If by = k and A\, = 0, then
tn g = S(n, k), Unk = $(n, k).

Proof. We have
Hn ke = Z Wt(ﬂ-)'

TEMotz, i

Recall that if by = k + 1 and A\ = k, then u,, is the number of Charlier histories from (0,0) to
(n,0). In our case by, = k and Ay = 0, the same bijection shows that p, 5 is the number of paths



CHAPTER 6. DUALITY BETWEEN MIXED MOMENTS AND COEFFICIENTS 62

oloJolclofolofo

Figure 6.10: A partial Charlier history (top) and the corresponding set partition, where every
block has a half edge attached at the end (bottom).

from (0, 0) to (n, k) consisting of H = (1,0) and U = (1,1) in which every horizontal step at height
h has a label in {1,...,h}. We can apply the same bijection between Charlier histories and set
partitions to these (partial) Charlier as shown in Figure Since there are no singleton blocks
and no closers, we obtain that such (partial) Charlier histories are in bijection with set partitions
of [n] into k blocks. This shows that y, r = S(n, k).

Since by = k + 1 and A\ = k, we have

ZVn,kl"k = Z wt(T) =z(x —1)(z—2) - (x —n+1).
k=0

TeFT,

On the other hand, by (3.4.4), we have

n

Zs(n,k)mkzm(m—l)(x—Q)---(x—n—i—l).

k=0

This proves the second identity also holds. O



Chapter 7

Determinants of moments

We have learned that u, can be written using b,, and \,. Since a monic OPS {P,(z)},>0 (and
hence the recurrence coefficients b,, and \,, as well) is uniquely determined by pu,,, there must be a
way to express b, and A\, using p,,. In this chapter we find such an expression using nonintersecting
lattice paths and the Lindstrom—Gessel-Viennot lemma.

7.1 Computing the 3-term recurrence coefficients

Let us first see how one can compute p,, using b,, and A,, for small n. Recall

oy, = Z wt (7).

wEMotz,

Thus, the first few moments are

p1 = bo,
2 = b + A1,
3 = b3 4+ 2bo A1 + by ;.

Then we can solve for b,, and A,:

bo = p1,
A = pig — by = po — pii,
b = (3 — b3 + 2bo A1) /M = (3 — 45 + 21 (p2 — 1))/ (n2 — 113),
and so on. Although, the formula gets very complicated, we can convince ourselves that this

always gives a formula for b,, and \,,. We prove this rigorously as follows.
Suppose that we have computed by, ...,b,—1 and A1,..., \,. Then in the sum

pont1= Yy wi(m),
TEMotzayn 41
b, appears only once as b" A\, A,—1 - - - A1 for the Motzkin path U"HD,,. Thus

b AnAn_1- - Al = foni1 — > wt (7). (7.1.1)
mwEMotzop41,7AUHD,,

Since the sum on the right-hand side of (|7.1.1)) has only by, ..., b,—1 and A1, ..., \,, we can express
it using pg’s. Then dividing both sides of (7.1.1) by A1 ---\,, which can also be written using
1i’s, we obtain a formula for b, in terms of py’s.

63



CHAPTER 7. DETERMINANTS OF MOMENTS 64

Similarly, if we have computed by, ..., b, and Aq,..., A, then we can find a formula for A\,
in terms of u’s using

ponyz =y wi(n),

TEMotzayn 42

because \, 1 appears only once for the path U1 Dn+1,
The above algorithm shows that it is possible to express b,, and A,, using p,,. To find an explicit
formula, we need to develop some interesting theory of lattice paths.

7.2 The Lindstrom—Gessel-Viennot lemma

The Lindstrom-Gessel-Viennot lemma [7] [6] is a very useful tool in combinatorics. This lemma is
listed in the book called “Proofs from The Book” [I, Chapter 32], which tries to collect the most
beautiful proofs in mathematics. We start with basic definitions on paths in a directed graph.

Definition 7.2.1. A graph is a pair G = (V, E) of two sets V and F such that E C V x V. Each
element v € V is called a vertex and each element (u,v) € E is called an edge. We say that G
is undirected if (u,v) is identified with (v, u). Otherwise, G is said to be directed.

A path from u to v is a sequence of vertices (vg,v1,...,v,) such that vo = u, v, = v, and
(vi,vi41) € E for all 0 <i <n —1. A cycle is a path from a vertex to itself. For two vertices u
and v, we denote by P(u — v) the set of paths from u to v. If there is no cycle, G is said to be
acyclic.

An edge weight of G is a function w : E — K, for some commutative ring K. The weight
of a path p is defined to be the product of w(e) for every edge e in p.

We consider families of paths. For brevity, we define an n-path to be just an n-tuple p =
(p1,-..,pn) of paths. We say that two paths p and p’ are nonintersecting if they do not have a
common vertex. We also say that an n-path p = (p1,...,pn) is nonintersecting if p; and p; are
nonintersecting for all i # j.

Definition 7.2.2. Let G be a directed graph with edge weight w. Let A = (Ay,...,A,) and
B = (By,...,B,) be sequences of vertices of G. We denote by P(A — B) the set of n-paths
p = (p1,...,pn) such that p; € P(A; — B,()), 1 < i < n, for some 0 € &,. We define
w(p) = w(py) - w(p,) and sgn(p) = sgn(c). Finally, we define NI(A — B) to be the set of all
nonintersecting n-paths in P(A — B).

We are now ready to state the Lindstrom—Gessel-Viennot lemma.

Theorem 7.2.3 (The Lindstrom—Gessel-Viennot lemma). Let G be a directed graph with edge
weight w. Fiz vertex sequences A = (A1,...,4,) and B = (By,...,B,) and define the matriz
M = (Mi,j)?,j=1 by

M; ;= Z w(p).

pEP(A;—Bj)

Then we have

det M = Z sgn(p)w(p).
pENI(A—B)

Before proving this theorem let us consider an example.

Example 7.2.4. Let G be the directed graph whose vertex set V and (directed) edge set E are
given by

V={(i,j): 0<4,j <2},

E={(i,j) = (i+1,4):0<i<1,0<j<2}U{(i,j) > (,j +1): 0<i<2,0<j <1},
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Bl Bg B1 BQ Bl BZ

A1 AQ A1 AQ Al A2

Figure 7.1: All nonintersecting 3-paths from A;, As to By, Bs.

By B By B

Ar Ay Ay Ay

Figure 7.2: An intersecting 2-path (p1,p2) and the corresponding 2-path (gq1,¢2) obtained by
exchanged the tails after the first intersection wu.

Define the weight of every edge to be 1. Let A = (A;, As) and B = (B, Bz), where A; = (0,0),
Ay =(1,0), By = (1,2), and By = (2,2). Then

2 8)-wt 9

On the other hand, there are exactly 3 nonintersecting 2-paths from A to B as shown in Figure[7.1]

det M = det <

Note that in the above example, we can compute the number of nonintersecting 2-paths p €
NI(A — B) as follows. First, observe that if p = (p1,p2) € NI(A — B), then p; € P(A; — B)
and ps € P(Ay — Bs). Thus NI(A — B) is contained in the set P(A; — B;) x P(Ay — Bs)
whose cardinality is (‘;’) (‘;’) So, if we subtract the number of intersecting 2-paths (p1,p2) €
P(A; — B1) X P(Ay — Bs), we would get the cardinality of NI(A — B).

Suppose that (p1,p2) € P(A1 — By) x P(Ay — Bs) is intersecting. Then we can find the first
intersection point u of p; and py. Then we can write p; = ppY and py = phpy, where p (resp. p;)
is the part of p; before u (resp. after u). By exchanging the tails p] and pj we can construct a
new 2-path (q1,¢2), that is, g1 = pip} and g2 = phpY, see Figure

Note that (g1,q2) € P(A1 — Bs) x P(As — Bj), and any such 2-path is always intersecting
and thus gives rise to an intersecting 2-path (p1,p2) € P(A; — By) x P(A; — Bg) by the same
process of exchanging the tails. Thus the number of intersecting 2-paths (p1,p2) € P(A; —
By) x P(Ay — Bs) is equal to

IP(Ay — B) x P(As — By)| = (;‘) @

We have just shown that

s (0)- 00 -(3 )

This idea of canceling intersecting 2-paths can be extended to prove Theorem [7.2.3]
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Bg B3
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BQ BQ
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AQ A2

{ { J
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Figure 7.3: The involution ¢ exchanges the tails of p; and py after their first intersection point w.
Proof of Theorem[7.2.3 By definition,

det M= 3 sen(o) [[ Miowy = 3 sen() ][ D> wl)= 3. sen(pu(p)

ceS, oeG, 1=1peP(A;—=Bs(;)) peEP(A—B)

Thus it suffices to find a sign-reversing and weight-preserving involution ¢ on P(A — B) with
fixed point set NI(A — B).

Consider an n-path p = (p1,...,pn) € P(A — B) with p; € P(A; — Bg(;)) for some 0 € &,,.
If p is nonintersecting, then define ¢(p) = p. Suppose now that p is intersecting. Then we can
find the lexicographically smallest pair (r, s) such that p, and ps are intersecting. We can then
find the first intersection point, say u, of p, and ps. Let pl. and p. to be the paths obtained from
pr and ps by exchanging their tails after u. We define ¢(p) = g, where

q= ((Jl,- . aQ’n) = (ph cee 7p7‘717p;’7p7‘+1,' .. apsflap;aps+17 s apn)
See Figure [7.3]

Since p and g have the same set of edges (with the same multiplicities), we have w(p) = w(q).
Since p; € P(A; — Boy(;y), we have ¢; € P(A; — By/(;)), where ¢’ is the permutation obtained
from ¢ = 01 - - - 0, by exchanging o; and ;. In other words, ¢’ = o(3, j), hence

sgn(p’) = sgn(o’) = sgn(o) = sgn(p).

Moreover, by the construction of ¢, it is clearly an involution. Thus, ¢ is a sign-reversing and
weight-preserving involution ¢ on P(A — B) with fixed point set NI(A — B), which completes
the proof. O

Corollary 7.2.5. Let G be a directed graph with edge weight w. Fix verter sequences A =
(A1,...,Ap) and B = (Bx, ..., By) and define the matriz M = (M; ;);' ;1 by

M; ;= Z w(p).

pEP(A;—Bj)

Suppose that every nonintersecting n-path p = (p1,...,pn) € NI(A — B) satisfies p; € P(4; —
B;) for all1 <i<n. Then

det M = Z w(p).

PENI(A—B)

In particular, if w(e) =1 for all e € E, then the number of nonintersecting n-paths is

INI(A — B)| = det M.
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Figure 7.4: Two nonintersecting 2-paths (p1,p2) and (¢1,g2) with different connecting patterns.

Example 7.2.6. The graph in Figure and the vertices (Aj, Aa, A3) and (B1, By, Bs) satisfy
the conditions in Corollary Thus The number of nonintersecting 3-paths from (A1, Az, A3)

and (B]_, BQ, B3) is
(1) @) @)

det | (5) () (3) | =4116.
6 G @
Example 7.2.7. Not every directed graph and vertex sequences satisfy the conditions in Corol-
2
2

lary See Figure [7.4] In this case,
6
).
@ G

Note that the number of nonintersecting 2-paths (p1,p2) with p; € P(A; — B,(;)) is 2 if 0 = 12
and 6 if 0 = 21. This is in agreement of the Lindstrom—Gessel-Viennot lemma:

()

det M = det (

sgn(12) -2 +sgn(21)-6 =2 —6 = —4.

Remark 7.2.8. What if A; = A; or B, = B; for some i # j7 Then clearly there is no nonin-
tersecting n-path from A to B. Thus, det M = 0. This can also be seen immediately from the
definition of the matrix M. For example, if A; = A; then row ¢ and row j of M are identical so,
det M = 0.

Remark 7.2.9. What if A; = B; for some ¢ # j? Then every nonintersecting n-path p =
(p1,...,pn) must satisfy p; € P(A; — Bj;). To see this suppose p; € P(A; — By,) for some k # j.
Then there is a path p, € P(A, — Bj;) for some r # i. Then p; and p, have a common vertex
A; = Bj, a contradiction.

Note also that if A; = Bj, then p; € P(A; — B;) means that p; = (A;) is a path of length
0, i.e., a path with no edges. Hence, if p = (p1,...,p,) is nonintersecting, then every path other
than p; does not touch the vertex A;. This can be used to find the number of paths in G from
to v avoiding a given list of vertices.

Example 7.2.10. Let G be a directed graph with vertices Ay,...,A,,B1,...,B, and edges
(A;, Bj) for 1 <14, j < n with edge weight w. Let A = (44,...,4,) and B = (By,...,B,). Then
each P(A; — B;) has only one path (A;, B;) with only one edge and every path p € P(A — B)
is nonintersecting. Thus the matrix M = (M, ;) has entries

M; ; = Z w(p) = w(Ai, Bj).

pEP(A;—By)
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Then the Lindstrom—Gessel-Viennot lemma says

detM= % sea(pup)= Y sgu(p)u(p)

pENI(A—B) peEP(A—B)
= Z sgll(a)Hw(Ai7Bo(i)) = Z sgn(a)HMl-yj,
€S, i=1 cEG, i=1

which is nothing but the definition of the determinant of a matrix.

There is an interesting application of the Lindstrém—Gessel-Viennot lemma to a useful deter-
minant identity called the Cauchy—Binet formula.

Definition 7.2.11. Let M = (M; ;)ic[m],je[n] be an m x n matrix. We denote by (m]) the set of

all subsets of [m] with cardinality k. For I € ([m]) and J € ([k]), the (I, J)-minor [M]; ; of M is
defined by
[M]I J = det( l])ZEI jEJ -

Theorem 7.2.12 (The Cauchy-Binet formula). Let M be an n X £ matriz let N be an { X n
matriz. Then

det(MN) = > [M]u),1 [Nz
Ie([ﬁ])

Proof. Let G be the directed graph with vertex set V and edge set E given by

V ={A1,...,Ap,By,...,By,C,...,Cp},
E={(A;,B)) i€ n],je [} U{(B;C)iell],je [n]}.

Define an edge weight w of G by
U)(AZ,BJ) :Mi,j; (BZ,C ) 2]

Consider the n x n matrix L = (L; j); je[n) Whose (7, j)-entry is

Li; = Z w(p).

peP(A;—Cj)
Since the above sum is equal to
¢
> w(Ai, Bi)w(By, C ZMZ;@NM = (MN), ;,
k=1

we have L = MN. Letting A = (4;,...,4,) and C = (C4,...,C,), the Lindstrom—Gessel-
Viennot lemma implies

det L = Z sgn(p)w(p).
PeENI(A—C)

Observe that every p = (p1,...,pn) € NI(A — C) is of the form p; = (Ai,BL(i),CU(i)) for
some I = {1 <--- < I,} € ([ﬁ]) and 7,0 € &. In this case sgn(p) = sgn(o) and we can write
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o = pr for some p € &,,, in fact, p = o7~ . Therefore

det L = Z Z ngn H w(Ai, Br, ), Co(iy)

IG( ) T€G, 0EG, =1

Z Z Z sgn(pT) H w(A;, B, ;) Cpr(ay)

([41) T7€6, pEG,

Z Z sgn(r (Hw Az;BI,.(L))) Z sgn(p) (Hw(BlTu)vCpT(i)O
i=1

re(i) TES i=1 PEG,

Z Z sgn(T (Hw (Ai, Br, ;) ) Z sgn(p) (Hw(BINCP(i)))

1e(1) TES pEG,
= Z Z Sgn (H i IT( )) Z Sgn(p) (H NL,p(z))
( )Tebn =1 peES, i=1
= > Ml [Nz -
re(t)
Since L = M N, the proof is completed. O

7.3 Hankel determinants of moments

In this section we compute the Hankel determinants of moments using the Lindstrom—Gessel—
Viennot lemma.
As usual let {P,(z)}n>0 be a monic OPS satisfying

Poi1(z) = (= bn) Pu(x) — A Ppo1 (),
and let u, be the nth moment.
Definition 7.3.1. The (infinite) Hankel matrix H of the sequence {i,}n>0 is defined by
H = (ptisg); - -
The Hankel determinant A, is defined by

/J“O /J’l e /J’?’L

M1 H2 ot Hn4d
A = [H]o1,.n},{0,1,...ny = det (iyj);_o = det | ) ) )

HUn  HUn+1 tee Han

We will use the convention that the determinant of an empty matrix is 1. For example, A,, = 1
for n < 0.

Note that p;y; is the generating function for Motzkin paths of length ¢ + j with starting and
ending heights 0. Let A = (Ao, ..., 4,) and B = (By,...,B,), where A; = (—i,0) and B; = (4,0).

Then
i = Z wt(p).

pEMotz(A; —Bj)

Therefore, by Theorem [7.2.3

Ap=det (niy;)l,_g= >  sen(p)wi(p).

PENI(A—B)
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{ J
As Ay Ay Ay=By B1 By Bs

Figure 7.5: The unique nonintersecting (n + 1)-path in NI(A — B) for the case n = 3.

Ay
As N\
A2 A2 A9
by
A1 A1 A1 A1
°
Ay A3 Ay A Ay=By B B, Bz By

Figure 7.6: A nonintersecting (n + 1)-path in NI(A — B’) for the case n = 4.

But, NI(A — B) has a unique (n+ 1)-path p = (pg, ..., ps) as shown in Figure Observe that
wt(p) = ApAS - AL. This shows the following theorem.

Theorem 7.3.2. We have
A, = NPT AL

n

Now let’s consider the following minor of the Hankel matrix:

A = [H]{0,1,....n},{0,1,... n—1,n41} = det(M; ;)i o,

where M; ; = piy; if 5 <nand M;,, = fitns1. Let A = (Aog,...,A,) and B’ = (By,...,By,),
where A; = (—4,0) and B; = (i + J; »,0). Then by the Lindstrom—Gessel-Viennot lemma,

A= > sen(p) wi(p).

peENI(A—B’)

Suppose p = (po,.-.,pn) € NI(A — B’). Then po,...,pn—1 are fixed as in the previous case.
Moreover, the first n steps of p,, must be all up steps. Since p,, is a Motzkin path of length 2n+1,
the remaining steps are n down steps and one horizontal step. Thus wt(p,,) = A1 - - - A, by, for some
0 < k < n and p, is determined by the number k. See Figure This shows the following
theorem.

Theorem 7.3.3. We have
A;L:A;l)\gfl...A}l(bOJr...ern) = An(bg + -+ by).

Using Theorem [7.3.2] and Theorem [7.3.3] we can express A, and b,, using p,,’s as follows.
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Corollary 7.3.4. Forn > 1, we have

AnAnf2
)\n = TA2
A%
b, = A’/I’L _ A,/,171
" An An—l ’

and bo = Aa/AQ
Proof. By Theorem Ao A=A, /A,_1. Thus

An An—l - _ AnAn—Z
An—l An—Q B A%,1 -
Similarly, by Theorem [7.3.3} by + - - - + b, = Al,/A,. Thus
AlA]

n—1
- — O
A, A,

bn

Corollary 7.3.5. Let {itn}n>0 be a sequence of numbers. There is an OPS with moments i, if
and only if A, # 0 for alln > 0.

Proof. We know that {P,(z)},>0 is an OPS if and only if it satisfies a 3-term recurrence relation
Poi1(z) = (x — bp)Po(z) — My Pr—1(x) (7.3.1)

with A, # 0. Thus, if {P,(z)}n>0 is an OPS, then by Theorem [7.3.2] A, # 0.

Conversely, if A, # 0, then we can construct A, and b, using Corollary By the con-
struction, A\, and b, are the sequences which give u, = ZpeMoth wt(p). Hence, if we define
{P.(z)}n>0 by , then it is an OPS with moments f,,. O

For the rest of this section, we consider the case b, = 0. Recall that ps,11 =0 for alln > 0
if and only if b, = 0 for all n > 0. In this case there is a correspondence between {2, }n>0 and
{An}n>0. For example,

Mo M1 M2 H3 po 0 p2 O
A3 = det e T 0 na 0 g —det (M0 #2) get (H2 /~L4’
M2 3 P4 s pz 0wy O M2 g [
M3 M4 M5 He 0 pa 0 e
Mo M1 p2 P34 po 0 p2 0 pug
M1 pe p3 H4 o M 0 p2 0 pug O
Ay=det | p2 p3 pa ps pe | =det | pue 0 ps 0 pe
S O L T U 0 ws 0 pe O
Ba M5 fle M7 M8 pa 0 pe 0 ps
Mo K2 M4
=det | po pa pe | det (MQ M4).
Ha  He M8 Ha Ho
In general, we have
Aoy = An(2)AF 1 (2), (7.3.2)
A2n+1 = An(2)A:(2)a
where
Ay (2) = det (p2i+2;); g -
AY(2) = det (n2i+2+2); g »
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Figure 7.7: The unique nonintersecting (n + 1)-path in NI(A — B) for the case n = 3.

Since b, = 0, we have

Hon = Z Wt(p).

p€Dyck,,,

Let A = (Ay,...,Ay) and B = (By,...,By,), where A; = (—2i,0) and B; = (2i,0). Then

H2it2j = Z wt(p).

peDyck(A; —Bj)

Thus, by the Lindstrom—Gessel-Viennot lemma,

An2)= Y sen(p)wi(p).

pENI(A—B)
There is only one element in NI(A — B) as shown in Figure This gives the following theorem.
Theorem 7.3.6. If b, =0 for alln > 0, we have
An(2) = (MA2)"(AsAa)" ™ - (Aan—1den)

Now let A = (Ag, ..., A,) and Bt = (B7,...,B}), where A; = (—2i,0) and B;" = (2i+2,0).

Then
H2it2j = > wt(p).
pEDyck(A; —Bj)

Thus, by the Lindstrom—Gessel-Viennot lemma,

An2)= ) sen(p) wi(p).

PENI(A—B)
There is only one element in NI(A — B) as shown in Figure This gives the following theorem.
Theorem 7.3.7. Ifb, =0 for all n > 0, we have

AT (2) = AT Ao A3) (Aads)" - (AanAzng)
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As
A4
A3 A3
A2 A2
As Ay Ao By B, By

Figure 7.8: The unique nonintersecting (n + 1)-path in NI(A — B™) for the case n = 2.

Corollary 7.3.8. If b, =0 for alln > 0, we have
An (2)AI 2(2)

o S N AL )
A (Q)An 1(2)
T AL RATL ()
Proof. By Theorem [7.3.6] and [7.3.7]
A (2 A2
AZ((Q)) = M3 Aong, A:_i(;) = XAy Aoy
Thus
A (AL AIALE)
A \Aa®@)) An< )AL (2)
AR (A@) | AALE) .
AL \ALE)  AL@ALLE)

7.4 Another duality between moments and coefficients

Recall that we proved a duality between mixed moments p,, , and coefficients v, ;. In this section
we will prove the following theorem, which gives another type of duality between moments and
coefficients.

Theorem 7.4.1. Let L be a linear functional with moment sequence {u,} with A, # 0 for all
n > 0. Then the monic OPS for L is given by

I I )
1 H1 H2 o Hngtd
P,(x) = : : : :
( ) An—l :
Hn—1 Hn H2n—1
1 x "

Let us write
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 J
A5 A4 A3 A2 A1 A():BO B, By Bs By Bs

Figure 7.9: A nonintersecting (n + 1)-path in NI(A — B®) for the case n = 6 and k = 2.

Then the theorem above is equivalent to

-1 n—k
VUnk = %[H]{0,...,n—1},{0,...,k—l,k+1,...,n}' (7~4~1)

Thus we need to compute

[H]{0,...0~1},{0,....k—=1,k+1,....n} = det(ﬂz’—&-j-ﬁ-x(jZk))Z;:loa

where, for a statement P, x(P) = 1 if P is true and x(P) = 0 otherwise. Let A = (Ao, ..., An—1)
and B*) = (By,...,B,_1), where

A = (=i,0),  Bi=(i+x(i>Fk),0).

Then by the Lindstrom—Gessel-Viennot lemma,

[H]{0,...0=1},{0,....k—1,k+1,....n} = Z sgn(p) wt(p). (7.4.2)
peENI(A—B(K)

Now we investigate a nonintersecting (n + 1)-path p = (po,...,pn_1) € NI(A — B®)), see
Figure for an example. For 1 <i <n — 1, let R; be the region defined by

Ri={(z,y) eER?*:2>0,i—1<y<i}.
Then we have the following observations. See Figure [7.10]
(1) The first ¢ steps of p; are up steps. Hence p; visits (0, ).
(2) There are n — i paths having at least one step in R;, namely, p;, Dit1, .-+, Pn—1-

(3) If d and w are the number of down steps and up steps in R;, respectively, then d —u =n —i.
This is because each of p;, pi+1,...,Pn—1 must enter the line y = ¢ and exit the line y =7 —1,
contributing 1 to the number d — .

(4) In R;, every down step is of the form (a,i) — (a — 1,4 — 1) for some 0 < a < n —i. So there
are n — ¢ + 1 possible down steps in R;.

(5) In R;, there is only one “missing” down step or there is only one figure “X”, but not both.
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. *
As Ay As Ay A1 Ag=DBy B By Bs B, Bs

Figure 7.10: The missing down steps and the figure “X” in Figure [7.9] are drawn with red dotted
lined.

(6) In Ry, we have exactly one of the following:

o (k—1,1) — (k,0) is missing;

o (k,1) = (k+1,0) is missing;

o (k,1) » (k+1,0) and (k,0) — (k+1,1) form a figure “X”.
To see this, observe that if (k — 1,1) — (k,0) presents, then the path containing this down
step must have a horizontal step (k,0) — (k+ 1,0) or an up step (k,0) — (k+1,1) because

(k,0) cannot be an ending point. Therefore in this case either (k,1) — (k + 1,0) is missing
or (k,1) = (k+1,0) and (k,0) — (k+ 1,1) form a figure “X”.

(7) If (a,i) = (a+ 1,7 — 1) is a missing down step, then exactly one of the following holds:

e (a—1,i4+1) = (a,i) is missing;
e (a,i+1) — (a+1,7) is missing. In this case, there is a path p; containing a horizontal
step (a,i) = (a+ 1,1);
e (a,i+1)— (a+1,i) and (a,i) = (a+ 1,7+ 1) form a figure “X”.
(8) If (a,i) — (a+1,i—1) forms a figure “X”, both (a,i+1) — (a+1,4) and (a,i—1) = (a+1,i—2)
are missing.
(9) Construct a path p’ from C := (k +1/2,-1/2) to D := (1/2,n — 1/2) by connecting
the midpoints of all the missing down steps as shown in Figure Then p’ consists of

northeast steps (—1,1), north steps (0,1), and double north steps (0,2). This can be seen
by the observations (6), (7), and (8).

(10) The map p + p’ is a bijection from NI(A — B*)) to all such paths p’ : C — D.
Lemma 7.4.2. Let p' be the path obtained from p = (po, ..., pn—1) € NI(A — B®)) as above.

Define w(p') to be the product of b; for each north step intersecting y =i and —\; for each double
north step intersectingy =1 and y =1 — 1. Then

sgn(p) wt(p) = w(p')An—1.
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at
—e——o T

4
3
2
1
0 @
0 1 2 3 4 5 6
C

Figure 7.11: The path p’ from C = (k+1/2,—1/2) to D = (1/2,n — 1/2) obtained by connecting
the midpoints of the missing down steps in Figure [7.10

Proof. By observation (7), every north step intersecting y = 4 corresponds to a horizontal step of
height ¢, which has weight b;. By observation (5), the product of the weights of all down steps in

pis

)\?11—1/\3—2 . ..)\}L_lxl o Xpo1 =M1 X1 X,
where X; = \; if there is a figure “X” in R; and X; = 1 otherwise. Moreover, every figure “X”
contributes —1 to the sign of p. Combinining these facts, we obtain the lemma. O

Lemma 7.4.3. We have
S w) = ()" P

p":C—D

Proof. A path p’ : C' — D is essentially the same as a Favard tiling, say T. Since p’ : C' — D has
n — k northeast steps, T has k red monominos. We need to check their signs. Suppose p’ has r
north steps and s double north steps. Then r + 2s + k = n since the height difference between C
and D is n. The sign of p’ is (—1)* while the sign of T is (—1)"**. Hence the sign difference of p’
and T is (—=1)" = (—=1)"725=F = (—1)"~*. Thus we have

> owl)= > (1)) = (1) P,
p':C—D TeFT,

as desired. O

We are now ready to prove Theorem [7.4.1

Proof of Theorem[7.4.1 By Lemma Lemma and (7.4.2)),
- n— sgn wt
b= (D" S wp) = (i S R

p:C—D PENI(A—B®) nl

-1 n—k
- %[H]{O""7”_1},{07~.,k—l,k-i-l,“.,n}7

which is equivalent to the statement of the theorem. O
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Theorem has an interesting connection with the following well-known lemma. (In fact,
we only need the case that |I| = |J| = 1, which is equivalent to the inverse matrix formula using
cofactors.)

Lemma 7.4.4 (Inverse minor formula). Suppose that A = (A; ;)}';—o is an invertible matriz. For
subsets I, J C{0,...,n} of the same cardinality, we have

A]J/ I
_ i+ Al
(=1) det A’

[A7]
where |[I|| =3 ,c;i and I' ={0,...,n}\ I.
Let A = (pi4;)f ;j—o- Note that
det A=A, =2, 1M1\
Thus Theorem [Z.4.1] can be restated as

(=1 FAr - An
Unk = Jot A [A]10,....n\{n},{0,....n}\{k} -

By Lemma with I = {k} and J = {n}, we have

I,J

A i
Unk = A1 A - (_1)HIH+HJH[&]3% =) ..)\n[A—l]I)J =) - -~>\n(A_1)k,n-

This implies that vy, 0, s 1, -, Vn.n are the entries of the last column of the matrix A=, Equiv-
alently, for 0 < ¢ < n, we have

n
Z Hit+kVn,k = 6n,i)\l U )\n
k=0
Note that this is equivalent to the orthogonality relation

L(2'Py(2)) = 6piAi -+ An.

The above arguments show that Theorem is equivalent to a formula for (A71), for
0 < k < n. Therefore it is natural to ask whether there is a similar formula for (A7'), s for
arbitrary 0 < 7,s < n.

Theorem 7.4.5. Let A = (iyj)i;—9- Then
A1 _ Vi rVi s )
( Jrs Z)q"')\k
k=0

Proof 1. Let I = {r} and J = {s}. Then

_ Al
A 1 = (=1 r+s[ A
(A7) = (ot

Let A®) = (Ag,..., A, 1) and B") = (By,...,B,_1), where

(7.4.3)

Then by the Lindstrom—Gessel-Viennot lemma,

(Al 1 = > sgn(p) wt(p).

pENI(A() »B(M)

Consider p = (po,...,pn_1) € NI(A®) — B()). Then these paths must visit (0,4) for all
0 < i < n with ¢ # k for some k such that max(r,s) < k < n. By the same arguments above, we
have
- A
Ay = (D) Ty (1) . 7.4.4
(Al 1 > >\1--->\k( )" e (1), (7.4.4)

k=max(r,s)

For example, see Figure By (7.4.3) and (|7.4.4) we obtain the theorem. O
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—-n —s 0 r n

Figure 7.12: A nonintersecting (n -+ 1)-path in NI(A(®) — B()). The red (resp. blue) path on the
left contributes to (—1)* vy s (resp. (—1)* vy ,.).

Proof 2. We can also prove this theorem using orthogonality. Given, r,s, it suffces to prove the

validity of
S S  Vr Vs
Sy = Ay = ks
T8 ];)Nr—i—k( )k,s kZ:OMT—HC g )\1 . )\Z

We can write the right-hand side as

r rrk N VERVEs | _
(Soory e
k=0 £=0

D
/\/;\
S
M:
>
3
e
M:
S
Eal
=
N——

= Hr Ve s = 5r,s~ O

Note that Theorem [7.4.5] is equivalent to the following U DL decomposition of the inverse of a
finite Hankel matrix:

—1 T
() ime) = (06207 imy) DOTATAL AT A )], (745)

where D(ag,...,a,) is the diagonal matrix with diagonal entries a;’s. Since (v;;)~' = (pi;),
taking the inverses of both sides of ([7.4.5)), we get the following LDU decomposition of a finite
Hankel matrix:

T
(Hits)i gm0 = (Big)i jmo DO M A2, Ax - A) ((Mz‘,j)zj:o> : (7.4.6)
This is equivalent to
Hrts = Z Nr,k)\l te >\k,ufs,k~
k=0

This can also be proved combinatorially using Theorem [£.3:3] as follows:

n n n

Z Nlr,k>\1 e )\k,ufs,k = Z Mr,O,k)\l e )\kPJs,O,k = Z Hr,0,kMs,k,0 = Hrds-
k=0 k=0 k=0



Chapter 8

Continued fractions

Mathematicians introduced orthogonal polynomials in order to study continued fractions. In this
chapter we first review basics of continued fractions. We then investigate the close connection
with continued fractions and orthogonal polynomials.

8.1 Basics of continued fractions

Let’s begin with the following example.

Example 8.1.1. What is the following value?

1

1+
1
14+ —

To solve this, let x be this number. Then we must have

1
x = ,
1+
or equivalently z2 + 2 — 1 = 0. Thus z = %\/g Since z must be positive, we obtain z = \/52_1.

If you believe that the above solution is correct, let’s look at another example.

Example 8.1.2. What is the following value?

3

3
1— —

1-—

As before, let 2 be this number. Then we must have

1
r=-—-,
1-—3x

—1++113
2

or equivalently 322 —x +1 = 0. Thus z = . However, since x must be real, there is no

solution.

What’s the difference between the two examples above? To answer this question, we need to
be precise on what a continued fraction actually means.

79
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Definition 8.1.3. A continued fraction is an expression of the form

o
o
B1+ 2

lo%
Bo + —

for some sequences {ay, }n>1 and {8, }n>0. The n-th convergent is

(€3]
Cn = /BO +
By —
T
B2 + ot ay,
B
We write
o
Bo+ —— =1L
(&%)
Br+ ——
lo%
Bo + —
to mean
lim C,, = L.
n—oo

Note that the argument in Example is not complete because it did not check whether the
sequence of nth convergents actually converges. Indeed, this sequence converges, so the answer
was correct. However, the sequence of nth convergents does not converge in Example hence
we arrived at the strange situation that the continued fraction is a complex number.

8.2 Flajolet’s combinatorial theory of continued fractions

In this section we study Flajolet’s combinatorial theory of continued fractions. Throughout this
section a “Motzkin path” means a Motzkin path whose starting and endig height are both 0.
Fix sequences b = (bg, b1,...) and XA = (A, A2, ...). We define

Hn(b,X) = Z wt(m; b, A).
wEMotz,,

Here wt(m; b, A) is the usual weight of a Motzkin path 7, i.e., the product of b; for each horizontal
step with starting height ¢ and b; for each down step with starting height 3.
Let

F(z;0,0) =) jin(b, A)z™.

n>0

Observe that every Motzkin path 7 is one of the following forms:
(1) 7 is an empty path.
(2) m = Hx' for some Motzkin path 7/,
(3) m# = Un'Dn"” for some Motzkin paths 7" and «”.

Let § be the operator that removes the first element of a sequence, namely, 6b = (by,bs,...)
and 6\ = (A2, Ag,...). Then in the second case m = Hr', we have

wt(m; b, A) = bowt(n'; b, N),
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and in the third case # = Un’Dn"”, we have
wt(m; b, A) = A\ wt(7'; b, 0A) wt (7”5 b, N).
Therefore, we have
F(2;0,\) = 14 boxF(2;b,X) + \2* F(x;6b, 6A) F(x;b, X),

or equivalently,
1

F(z:b,A) = .
(@30, N) = T T a2 (505, 0N

Iterating this process, we obtain

1
F(x; b, A) = )\1372
1 — boz —
O T T b — Ax2F(z;02b, 0%A)
1

e , 8.2.1
N (8.2.1)

1— bo.”[: — 3

)\21’

1-— b1£ZZ —

However, we must make this argument rigorous by showing that the above continued fraction
converges. Since we are working with formal power series we need to define convergence of a
sequence of formal power series.

Definition 8.2.1. Let {F,,(x)},>0 be a sequence of formal power series. We write

lim F,(x) = F(x)

n—oo

if for every m > 0, there is N > 0 such that for all n > N,
[z Fu () = [2"]F(x),

where [z™]F(z) is the coefficient of 2™ in F(z). In other words, for any m > 0, the coefficient of
™ in F,(x), n > 0, eventually becomes the coefficient of ™ in F(x).

Example 8.2.2. Let F(z) = 1+z+2%+ - and Fj,(z) = 1+z+2?+ - -+2F. Then limy_,o Fi(z) =

To prove that Equation (8.2.1) converges we need to investigate its nth convergents. To do
this we introduce the following definition. Let Motz=" denote the set of Motzkin paths in Motz,
that stays weakly below the height y = k. We also define

pu=F(b,A) = Z wt(m; b, ).

mEMotzsF
Theorem 8.2.3. For any k > 0, we have
<k n 1
Z pn (b, A)z" = 22
1z
n20 1-— boCU — 3
/\QLE
1— b1$ -
1-— bg.l? - . )\k.’L'Q

'_l—bkx
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Proof. We use induction on k. If k = 0, then the identity we need to prove is

1
=0(b, Nz .
ZNJ 1—bol‘

n>0

Slnce there is only one Motzkin path in Motz=°, which consists of n horizontal steps, we have

pus0(b,A) = b
Now let k£ > 1 and suppose the theorem holds for K — 1. Then we can apply the decomposition
of a Motzkin path 7 into #, # = Hx', or # = Un’ Dn”. Writing

k(230 A) = > sk (b, A"

n>0

n

the decomposition shows that
Fi(z;b,\) = 14 boxFy(z; b, X) + M 2®Fj_1(z;5b, 0X) Fy (23 b, X).

Therefore 1

1 — bol‘ — )\13)2]'7}C 1(33 5b 5)\)

Then by the induction hypothesis, we obtain that the theorem holds for k. Hence, by induction,
the proof is completed. O

Now we can give a rigorous proof of Equation (8.2.1)).
Corollary 8.2.4. We have

>t (b, N)a" = g . (8.2.2)
n20 1-— bQI —

o2
l—blx— 2

Proof. By Theorem the kth convergent of the continued fraction is Y., <o u="(b, A)a™
Therefore it suffices to show that B

lim pSF(b,A) = pn (b, N). (8.2.3)
k—o0

Observe that any Motzkin path = € Motz,, can have height at most |n/2]. Hence, if k& > |n/2],
then Motz=* = Motz,. This shows (8.2.3) and we obtain the result. O

8.3 Continued fractions and orthogonal polynomials

In this section we study the connection between continued fractions and orthogonal polynomials.
More precisely, we will show that the kth convergent of the continued fraction in can be
written in terms of orthogonal polynomials.

Let {P,(z;b,X)}»>0 be the monic OPS given by

Poi1(z;0,A) = (x — bp) Pp(z;6,X) — A Po—1(x; b, A). (8.3.1)

For simplicity, we will write § P, (x; b, \) = P,,(x;b, ). Note that u,(b,A) is the nth moment
of this OPS.
The inverted polynomial P} (z;b, ) of P, (x;b,\) is defined by

Pr(z;b,\) = 2" P, (2715 b, N).
Note that (8.3.1]) implies
P (236, X) = (1 — bpz) Pl (230, A) — M\y2®Pr_y (235, X). (8.3.2)

The goal of this section is to prove the following theorem.
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Theorem 8.3.1. We have

n>0 k+1(x b A)

To prove this theorem we will use a continued fraction technique due to John Wallis (1616 —
1703). Let {a }n>1 and {8y }n>0 be fixed sequences and consider

aj
Cn = BO +
B+ —2
T —_
BQ + - 4 Qp
" B
We can express (), and a rational function
A
Cp==". 8.3.3
5 (333)
For example,
Bo _ Ao a;  Pifotar Ay
Cy= , 4+ =" = 8.3.4
v=ho= 1 B = Ao B b1 By ( )

The following lemma gives a solution to (8.3.3).

Lemma 8.3.2 (Wallis’ method). Suppose that {A,}n>0 and {Bn}n>0 are given by Ay = fo,
By =1, and forn > 1,

An = BnAnfl + anAnf%
Bn = ﬁanfl + aanf%

where A_1 =1 and B_1 = 0. Then

A, «@
2= By + ! . (8.3.5)
Bn (%)

B+

B2 + o Qan
" B
Proof. We use induction on n. By (8.3.4), the equation (8.3.5)) is true for n = 0,1. Suppose that

the lemma is true for n > 1 and consider the case n + 1. Observe that the (n + 1)st convergent
can be written as

o aq
Chy1 = B0+ = o + ;
(6% (&)
B+ b1+
B2+ . o, B2 + . Pt

S o

Qp 41 ﬁnﬂnJrl + Qp41
Bn +

6n+1

which is exactly the nth convergent with the following substitutions:

O > 0 By, Brn = BnBrt1 + any1. (8.3.6)

Therefore, we have

*

n
* 7
B?’L

Cn+1 —
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where A (resp. B;) is the same as A,, (resp. B,,) with the substitutions in (8.3.6). Thus by the
induction hypothesis,

A:L = (ﬂnﬁn+1 + Oén+1)An,1 + (anﬂnJrl)Anf%
= ﬂn-l-l(ﬂnAn—l + OlnAn—Q) + an+1An—17
= ﬁn-{-lAn + O471—1—11471—1 = An-}-la

and the same computation also shows that B} = B, 1. This shows that (8.3.5) also holds for
n + 1, completing the proof. O

Now we can prove Theorem [8:3.1}
Proof of Theorem[8.3.1 By Lemma m with o, = —\,2? and B, = 1 — b,x, we have
Ay A2
B Aoz? ’
k 17b1x717b2:z:7.2. ARz
1—brx
where A,, and B,, are given by A_1 =1, Ag=1—bpx, B_1 =0, By =1, and for n > 1,
Ay =1 —=byz)Ap_1 — 2?4, o,
B, =(1—=b,2)Bn_1 — M\z’B,_».
By -, we obtain A, = P;,(x;b, X). Replacing n by n — 1 and taking § in we obtain
SP (z;b,X) = (1 — byx)dP;_((z;b,X) — \z?0 P, (z;b, ).
This shows that B,, = 0P (x;b, A\). Combining these results with Theorem we obtain

1
Zﬂ<k b A 5
Alfﬂ

n>0 1— bol‘ — 2

)\2.2?

1-— bll‘ -
1-— bg.’L‘ - . )\k.’EQ
- brx
B (Ak>1 8P (x;b,N) -
By, Pr(asb, X))

We end this section with a connection between Theorem [8.2.3] and Padé approximants.

Let P(z) and Q(z) be polynomials of degree p and ¢, respectively. We say that % is a Padé

approximant of type (p, q) for F(z) if

n>p+q+1

Often times Padé approximants are better than Taylor polynomials since rational functions can
handle poles. It is well known that if a power series has a Padé approximant of type (p,q), then
it is unique.

Corollary 8.3.3. Let

= Z fin (b, A)x

n>0

Then for a nonnegative integer k,
0P (x;b,A)
Py (z;b, )

is the Padé approximant of type (k,k + 1) for F(x).
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Proof. We have

n>0 kJrl(m b A)

Observe that if
(b, A) # 1S¥ (b, N),

we must have n > 2k + 2. Hence the lowest term of

) - 2T 5~ 48 - sk, A) @

P (250, X) =

has degree at least 2k + 2. This implies the statement. O

8.4 Motzkin paths with fixed starting and ending heights

In this section we generalize Theorem [8.3.1] to Motzkin paths with bounded height and fixed
starting and endlng heights. We begin with some definitions.

Let Motzn +.s denote the set of Motzkin paths in Motz .« = Motz((0,7) — (n,s)) that stay
weakly below the line y = k. We also define

p“nrs(b )‘) Z Wt(ﬂ—;ba >‘)
ﬁGMotz%y?s

Theorem 8.4.1. Let r,s, and k be integers with 0 < r,s < k. Ifr < s, then

Pr(z;b, N6 Py (2:b, )

T;)u"“ B P (@b, A)
If r > s, then
Z Wi I W o P (20, \)0" 1Py (x;b,A)
n>0 nrs P,;‘H(:r;b, )

It is possible to prove Theorem [8.4.1] using sign-reversing involutions as before. However, we
will not pursue in this direction. Instead we will give two alternative proofs: one using linear
algebra techniques and the other using combinatorial arguments. We first need to introduce some
definitions.

Let G = (V,E) be a directed graph on the vertex set V= [m]. Let w : E — K be an
edge-weight and let A = (ai,j)zljzl be the adjacency matrix of this weighted graph G, that is,
a;; = w(i — j). Here, if there is no edge i — j in G, we define q; ; = 0.

A path of length n from u to v is a sequence p = (ug, ..., u,) of vertices such that ug = u,
up = v, and u;—1 — u; is an edge for all ¢ = 1,...,n. The weight w(p) of p is defined to be the
product of the weight of each step:

w(p) = w(uo - ul)w(ul — UQ) T w(un—l — un) = Oug,uy Quyug " Quy g up -

Let P,(u — v) denote the set of all paths of length n from u to v. We also define P(u — v) to be
the set of all paths from u to v.

Lemma 8.4.2. For vertices r,s € [m] and an integer n > 0,

Y wp) = (A"

pEP, (r—s)

Proof. This is immediate from the definition of the product of matrices. O
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Proposition 8.4.3. Suppose that I — A is invertible. We have

1[I — A se (e
>, wlp)= ((I—A)*l)m:( ) de[t(]_ﬁ)} Arje

pEP(r—s)

where I is the m x m identity matriz.

Proof. By Lemma the left-hand side is equal to

Z Z w(p) = Z(An)r,s = ZAn = ((I - A)_l),,"sa

n>0 \peP, (r—s) n>0 n>0 s

which proves the first equality. The second equality follows from the minor inverse formula

Lemma [7.4.4] O

Now let us return to the following generating function that we need to compute:

Z ugis(b, A" = Z Z wt(m; b, A)z™. (8.4.1)

n=0 n20 reMotsgh.

Define a graph Gy on V = {0,1,...,k} with edges (i,7) for all possible i,j € V with |¢ — j] < 1.
Define an edge-weight w on Gy, by w(i,i + 1) = z, w(i,i) = bz, and w(i,i — 1) = A\;z. Then the
adjacency matrix of G is the following tridiagonal matrix:

box x 0
A— Mz bz
0 AT brx
Observe that every 7 € Motz,%)’i’s can be considered as a path p of length n from r to s for the

graph Gg. In this case we have wt(m; b, \)x™ = w(p). Therefore we can rewrite (8.4.1) as
Dok BNzt =>" > wp) = Y wp). (8.4.2)
n>0 n>0peP, (r—s) pEP(r—s)
Then, by Proposition [8:4.3]
<k n_ (DT = Al gy
<k (b A" = . 8.4.3
ngoﬂn,r,s( )(E det([—A) ( )

Now we need to compute the numerator and the denominator of the right-hand side of (8.4.3]).
Lemma 8.4.4. We have

Pii(z;0,\) = det(f — A).

Proof. Let
1- J)bo —X 0
Qpon (@) = det(I — A) = det | ~*M 1= o0
. . .
0 7IAk 1- SCbk

Expanding the determinant along the last row, we have
Qri1(z) = (1 — b)) Qr(x) — Mpz? Q-1 ().

This is the same recurrence for Py (z;b,A) in (8.3.2). Since Qo(z) = 1 = Pj(x) and Q1(x)
1 —xbg = Pf(x), we obtain the lemma.

oo
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By By

B,
By

Bs Bs

Figure 8.1: The minor [I — AJ{se () is the product of the determinants of three block matrices
By, By, and Bj3. The left diagram illustrates the case r < s and the right diagram illustrates the
case 1 > .

Lemma 8.4.5. We have

S—T D* (. s+1 px . ; <
(=1 = Algye frye = {i PT (? bii,)é* J.Dk_S(xl.l:’l)\)* . s

st1 A TEPH (@ by N)OTTIPE (250, X)) if r > s.
Proof. Since I — A is tridiagonal, we can decompose [I — Al e = det By det By det By as
shown in Figure Suppose that r < s. Then, by Lemma we have det By = P*(x;b,A)
and det By = 5S+1P,:‘_s(x; b, A). Since By is lower trianular with diagonal entries z, . .., x, we have
det By = (—1)*""z%"".

Similarly, if 7 > s, we have det By = Pf(z;b,A) and det By = 6”71 P;_ (z;b,A). Since Bs

is upper trianular with diagonal entries As11,..., A, we have det By = (—=1)""®Ag1q -+ Az 5.
This proves the lemma. O

By (8.4.3), Lemma and Lemma we obtain Theorem [8.4.1]

8.5 A combinatorial proof using disjoint paths and cycles

In this section we give another proof of Theorem [B:4.T] using self-avoiding paths. As in the previous
section let G = (V, F) be a directed graph on the vertex set V' = [m] with edge-weight w : F — K
and adjacency matrix A = (a; ;)" _;.

A cycle is a path p = (ug,...,u,) such that w, = ug. We identify a cycle p = (ug,...,un)
with any of its cyclic shift p = (u;,. .., Uy, uo, - .., u;). We say that a path p = (ug, ..., u,) is self-
avoiding if u; # u; for all ¢ # j with a possible exception ug = u,. A collection {p1,p2,...,p:}
of paths is said to be disjoint if the following conditions hold:

e p; is self-avoiding for all 1 <7 <,
e p; and p; have no common vertices for all 1 <7 # j <.

We define
I = > (=D w(Ch) - - w(Cy), (8.5.1)
{C1,Cs,....CL}eC
where C is the set of all disjoint collections {Cy,Cs,...,C;} of cycles in G. For 1 <i,5 < m, we
define
Tij = > w(p) - (=1)'w(Cr) - w(Ch), (8.5.2)
(p,{C1,C2,...,Ct })€C; ;
where C; ; is the set of all pairs (p,{C1,Cs,...,C:}) of a path p € P(i — j) and a collection
{C1,C4,...,C:} of cycles in G such that {p,C1,Cs,...,C} is disjoint.



CHAPTER 8. CONTINUED FRACTIONS 88

Proposition 8.5.1. We have

PEP(r—s)
Proof. We will prove the equivalent statement
r Z w(p) =T .
pEP(r—s)
The left-hand side can be written as

w(p) - (=1)'w(Cr) - w(Cy),
(P {C1,Carn, CLHEX

where X is the set of pairs (p,{C1,C3,...,C;}) of any path p € P(r — s) and any disjoint
collection {Cy,Cy,...,C} of cycles in G. By , it suffices to find a sign-reversing weight-
preserving involution ¢ : X — X with fixed point set C, ;.

Consider (p,{C1,C4,...,Ci}) € X. If (p, {C1,C4,...,Ci}) € Cp s, then define ¢(p, {C1,Co, ..., Ci}) =
(p,{C1,C4,...,Ct}). Now suppose that (p,{C1,Cs,...,C¢}) € Cr s and let p = (ug, w1, ..., Upn).
Then we can find the smallest integer j such that u; = u; for some 0 < i < j or u; is contained in
C) for some 1 <[ <¢.

Case 1: u; = u; for some 0 <4 < j. Then we define

¢(p’ {ChCQv .. '7Ct}) = (p/a {00701702a .. '7Ct})7

where p’ = (ug, ..., Ui, Ujt1,...,uy) and Co = (u, ..., u; ).

Case 2: u; is contained in a cycle in {C1,Cy,...,C;}. Since the ordering of the cycles does not
mattter, we may assume that u; € Cy. Let Cy = (vg,v1,...,v,), where vg = vy = u;j. Then
we define

¢(pa {Clvc% e 'aCt}) = (plv {027 o 'aCt})v

r_
where p’ = (ug, ..., Uj, V1, ..., Vg, Ujt1,- -+, Un).

Note that these two cases cannot happen at the same time because then the integer ¢ with 0 <17 < j
would have been chosen instead of j.

Since ¢ increases or decreases the number of cycles by 1 and does not change the set of edges,
it is a desired sign-reversing weight-preserving involution. This completes the proof. O

Now we are ready to give another proof of Theorem [8.4.1] We restate the theorem for the
reader’s convenience.

Theorem 8.5.2 (Theorem [8.4.1)). Let r,s, and k be integers with 0 < r,s < k. Ifr < s, then

Pr(z;b, N6 Py (2:b, )

<k n s—r
Hior, (ba )‘)‘r =T *
nzzo s PkH(ac; b, )

If r > s, then

Pr(z;b,\)0" T Pr_ (23D, \)
Pr (230, X)

Z fin s (B, )T = Aoy - A’

n>0
Proof. Recall the weighted graph G defined in the previous section whose adjacency matrix is
bor = 0

A= Alllf bl.CC

0 )\kx bkx
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0 1 2 3 4 ) 6 7 8

— . Y 9 . .

—bgl‘ —b41‘ —)\81'

0 1 2 3 4 ) 6 7 8

Figure 8.2: A disjoint collection of cycles in Gy (up) and the corresponding Favard tiling T' €
FTyy1 with wt*(T) = A Agb3bsz® (bottom) for k = 8.

By (8.4.2) and Propositionm
| R
<k n T,
g e s (b, X)z™ = E = — 8.5.3
n,r,s( ’ )x ’LU(p) T ’ ( )

n>0 pEP(r—s)

where

r= > (D'w(C)w(C),

{C1,Cs,...,Ct}€C

Is= Z w(p) - (=) 'w(Cy) - w(Cy).

(p,{C1,C2,...,Ct })ECy s

Since A is tridiagonal, every cycle with nonzero weight must be a cycle of the form (i) or
(i — 1,i) whose weight is —b;z or —X\;2%2. Then a collection {Cy,Cs,...,C;} of disjoint cycles
is equivalent to a Favard tiling T' € FTj1, where a cycle (i) corresponds to a black monomino
labeled ¢ and a cycle (i — 1,4) corresponds to a black domino labeled ¢ — 1,7. A red monomino
labeled 4 in T means that there is no cycle containing i in {Cy, Cy, ..., C;}. In this correspondence
we have

(—=D'w(C1) - w(Cy) = wt*(T),

where wt*(T) is the product of —b;x for each black monomino labeled i and —\;x? for each black
domino labeled ¢ — 1,4. For example, see Figure This implies that

I= Y wt'(T) =Py, (), (8.5.4)
TEFTk11

where the second identity follows from the recurrence .

On the other hand, if (p,{C1,Cs,...,C}) € Cp g, then p must be the unique self-avoiding
path from r to s, namely p = (r,r + 1,...,s). If r < s, then w(p) = «° ", and if r > s, then
w(p) = Asy1---Ar. Moreover, we can divide {C1,Cy,...,C;} into two sets {C1,...,C{ } and
{C7,...,C}{ } such that each Cj is a cycle with elements less than min{r, s} and each C;’ is a cycle
with elements greater than max{r, s}. This shows that

L - TP (2 b, N) O PE (23D, \) if r <s, (8.5.5)
DT A A" T P (b, \) 6T PE (230, A)  otherwise. o
By (8.5.3)), (8.5.4]), and (8.5.5]), we obtain the theorem. O

8.6 Determinants and disjoint cycles

Recall that we have proved Theorem [8.4.1]in two difference ways. The important tools in the first
and the second proofs are Proposition and Proposition [8.5.1} respectively, which we state
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0 1 ceor—=1 1 s s+1s+2 - k
l ° h M ® ‘ > > > l L] L] (] ° ‘
Pr(z;b,A) 5T §TLPr (230, N)
0 1 - s—1 s rordl 42 -k
l ° ® ® ° ‘ < ¢ ¢ l . . . ° ‘
Pr(xz;b,\) A1t Apx" 8 5T+1P,:_T(x; b,A)

Figure 8.3: A pair (p,{C1,Cs,...,C}) € C, 5 is illustrated at the top for the case r < s and at
the bottom for the case r > s.

here again:
_ (DT = Al rye
6.1
Z det(I — A) ’ (86.1)
pEP(r—s)
dow F . (8.6.2)
pEP(r—s)

It is thus natural to ask whether there is a connection between these two identities. To answer
this question, in this section, we will show that the numerators and the denominators in (8.6.1)

and (8.6.2)) coincide.

As before let G = (V,E) be a directed graph on the vertex set V = [m] with edge-weight
w: F'— K and adjacency matrix A = (a;;);";_;. Then we have

m

det A = Z sgn(w)Ham(i).

€Sy, i=1

Let m = Cj - -- C; be a cycle decomposition of 7. Since sgn(m) = (—1)°vereyele(m) ' we have

t

sen(m) [ [ aix) = JJ(=10)'“ T w(C),

i=1

where for a cycle C' = (r1,...,7s), we define |C| = s — 1 and w(C) = ayy ryGry rg - - - Ar, r, . Hence

we can write
detA= Y H DI%I=1w(0y), (8.6.3)
{C Cf}EX'L 1

where X is the set of all possible collections {CY, ..., C;} of disjoint cycles whose union CjU- - -UC}
as a set is [m].

Proposition 8.6.1. We have
det(I — A) =

Proof. By (8.6.3]), we have
det(I—A)= Y H DGy (), (8.6.4)

{C1,....,Ct }eX i=1

where w'(C) = 1 — w(C) if C is a cycle of length 1 and w'(C) = (—1)I€lw(C) otherwise. This
means that for a cycle C of length 1 we have two choices one for 1 and the other for —w(C). If
we remove the cycles of length 1 with a choice of 1, we can rewrite (8.6.4]) as

det(IT—A)= > ]

{Ch,...,CL}eC i=1
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where C is the set of all collections {C1,Cs,...,C:} of disjoint cycles in G. Since the right-hand
side is equal to the definition of T" in (8.5.1)), we obtain the desired formula. O

For a word w = wy - - - w,, of distinct integers, the standardization st(w) of w is the permuta-
tion 7 = 7y - - -, € &, such that m; < m; if and only if w; < w; for all 1 <¢,5 < n. For example,
if w = 43179, then st(w) = 32145.

Lemma 8.6.2. Let 7 = my -+ -m, be a permutation such that m; = j and let

/
T =y AT T

Then o
sgn(st(n’)) = (—1)7 " sgn(7).

Proof. Note that sgn(st(n’)) = (—1)™ (") and sgn(r) = (—1)"™(™). To compare inv(r) and inv (')
we consider ¢ = jn’. Then we have (—1)™(?) = (—1)(?) and (—1)*v(@) = (—1)inv(m)+i-1,
Hence

sgn(st(w/)) _ (_1)inv(7r’) _ (_1)inv(a)+j—1 _ (_1)inv(7r)+i—1+j—1 — (_1)j+i sgn(w). O
Proposition 8.6.3. We have
(—1)T+S[I — A]{S}C,{T}C == FT7S'
Proof. Let b; j = 6; j —a; ;. Then

= Algyeye = > senlst(@) ][ bineo

TES, 1<i<m
w(s)=r Tifs
where 7' = - - Ts_1Ts11 - Tp. By Lemmam
= Alfgegrye = 0 D sgn(m) [ biw- (8.6.5)
TES,, 1<z<m
w(s)=r Ti#s

Suppose that r = s. Then

[I — A]{S}c’{r}c = Z sgn H b, (i)

TES, 1<i<m
w(r)=r “ifr

By the same argument in the proof of Proposition we have

= Alggyene= >, T

{C1,...,Ci}eC’i=1

where C’ is the set of all collections {C7,Cs,...,C:} of disjoint cycles in G such that r is not
contained in any of these cycles. But this is equal to

L, = Z w(p) - (=) w(Cy) - w(Cy),

(p,{C1,C2,...,C:})€ECr

since p = (r) is a cycle of length 1, hence has weight w(p) = 1.
Now suppose that r # s. Note that in this case b, ; = —a, s. Consider 7 € &,,, with w(s) =r.
Then the cycle decomposition of 7 has a cycle containing an edge s — r. Hence we can rewrite

-
(1) = Algge frye = (—agy) > H D)1=t (Cy),

{C1,....,C}eX =1
(s—r)eCy
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where w'(C) = 1 — w(C) if C is a cycle of length 1 and w’(C) = (—1)I¢lw(C) otherwise. Then,
by the same argument in the proof of Proposition we have

(D)™ = Algge e = (—azt) > JI=Dw(@),

{C1,...,.Ce }eC i=1

where C’ is the set of all collections {Cy,Cy, ..., C;} of disjoint cycles in G such that C; contains
an edge s — r. If we delete the edge s — r from C7, we get a path p from r to s. Therefore, the
above equation is equivalent to

(71)T+S[I - 14]~{s}c,{7'}c = Z w(p) H(il)w(cl) = Fr,s-

(p,{C1,..-,Ct})€ECr s i=

=

This completes the proof. O



Chapter 9

Symmetric orthogonal
polynomials

In this chapter we study symmetric orthogonal polynomials. We first define symmetric orthogonal
polynomials and show they they induce two families of orthogonal polynomials: even and odd
polynomials. We find three-term recurrences for the even and odd polynomials. We also find
connections between the original moments and the moments of even and odd polynomials. We
provide a combinatorial proof of this fact using Dyck paths and bi-colored Motzkin paths. Finally
we give an identity involving two types of continued fractions, namely, J-fractions and S-fractions.

9.1 Even and odd polynomials of symmetric OPS

Recall from Section that a linear functional £ is symmetric if all of its odd moments are
zero. Let {P,(x)}n>0 be a monic OPS for a linear functional £. We say that {P,(z)}n>0 is
symmetric if £ is symmetric. We recall the following theorem, which gives equivalent conditions
of a symmetric OPS.

Theorem 9.1.1 (Theorem [2.4.6)). Let £ be a linear functional with monic OPS {P,(x)}n>0. The
following are equivalent:

(1) L is symmetric.
(2) P.(—x) = (—1)"P,(x) forn > 0.

(3) We have
Poyi(x) = 2Py () — Ay P11 ().

Suppose that {P,(z)},>0 is a symmetric OPS for a linear functional £, which satisfies
Poi1(z) = 2Py (x) — Ay Pr—1(x). (9.1.1)
By the above theorem,

Py (=) = (=1)*" Pay () = Pon(),
Popya(—2) = (1) Py 1 (2) = —Papya ().

Thus we can write
Pop(7) = En(xz)v Pony1(z) = xOn(xQ),

for some polynomials E,, (z) and O, (z). We call {E,(z)}n>0 (resp. {O,(z)}n>0) the even poly-
nomials (resp. odd polynomials) for the symmetric OPS {P,(z)}n>0.

93
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Let £¢ and L° be the linear functionals defined by

Lo(f(x) = L(f(=%),  Lo(f(2)) = %L’(ﬁf(xz))-

1

Here we have the factor )\% so that £°(1) = 1. We define
pn, = L(@"),  pp = Lo2(2").

Theorem 9.1.2. The even polynomials {E,(x)}n>0 are an OPS for L and the odd polynomials
{On(x)}n>0 are an OPS for L°. Moreover,

1
Mi = H2n, Mfl = )\*1#2%2-

Proof. Since {P,,(x)}n>0 is an OPS for £,

where K,, # 0. We have
£6<En($)Em($)) = [’(En(x2)Em($2)) = E(P2n($)P2m(w)) = 6n,mK2n>
L2(O0n(2)Om(x)) = /\ilﬁ(x20n(x2)0m(x2)) = L(Pont1(2) Pom+1(2)) = 6p,m Kont1-

This shows the first statement. Since
ps, = L") = L(2*") = pan,
o o n 1 n 1
g = LO(2") = )\*15(1’2 -’ )= )\THZM%
we obtain the second statement. O

Since {E, (z)}n>0 and {R,(x)}n>0 are OPS they satisfy 3-term recurrences. Their 3-term
recurrences can be obtained easily from the original 3-term recurrence for {P,(z)},>o0.

Theorem 9.1.3. We have

En+1($) = (96 — Ao — )\2n+1)En($) - )\anl)\ZnEnfl(x)»
On+1(l”) = ($ - )\2n+1 - >\2n+2)0n($) - )\zn)\2n+10n—1(x)-

Proof. Replacing n by 2n and 2n + 1, respectively, in (9.1.1)), we have

P2n+1((£) = Cﬂpgn(ﬂf) — )\angn_l(x), (912)
Popio(x) = 2Popt1(x) — Aopt1Pon ().

Multiplying both sides by z in gives

On(2?) = 22E, () — X2pnOn_1(2?),
and is equivalent to

E,H_l(xQ) = On(acQ) — )\Qn+1En(ac2).
Thus

2B, (x) = Op(z) + A2, Opn—1(2),
On(x) = En+1(l') + Agn_t,_lEn(I).

Substituting E,(z) and O, (z) appropriately, we obtain the recurrence in the theorem. O
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There is also a simple connection between the moments of { P, (z)},>0 and the moments of its
even and odd polynomials.

Corollary 9.1.4. Let {\;}r>0 be a sequence with Ao =0 and let

0 = {bx = 0}x>0, A= {Ae}e>1,
b = { Aok + Aokt1}r>0s A= {dak—1 Xk i1,
b = {Aa2kt+1 + Aak+2 >0, A% = {XokAokti a1

For a nonnegative integer n, we have

M2n(07 )‘) = /’Ln(be’ )‘6)7
Pant2(0, X) = Ay (B, A°).

Proof. This follows immediate from Theorem [9.1.2) and Theorem [9.1.3 O

9.2 Converting Dyck paths into bi-colored Motzkin paths

In this section we give a combinatorial proof of Corollary The idea of proof is to convert a
Dyck path into a bi-colored Motzkin path.

Definition 9.2.1. A bi-colored Motzkin path is a Motzkin path in which every horizontal
step is colored red or blue. Let Motz, (2) denote the set of bi-colored Motzkin paths from (0, 0) to
(n,0). We also define Motz? (2) to be the set of bi-colored Motzkin paths in Motz, (2) such that
every horizontal step of height 0 is colored red.

Let 7 € Dyck,,,. Write m = 51 --- Sa,, as a sequence of steps. We denote by U, D, H,., and H,
an up step, a down step, a red horizontal step, and a blue horizontal step, respectively. Then we
define ¢o(7) to be the bi-colored Motzkin path 7 = Tj - - - T;, € Motz",(2) such that

U if So;_159; = UU,
T — D if So;_159; = DD,
") H, if So; 180 =UD,

Hb if Sgi,ngi =DU.

For example, see Figure [9.1
Now let 7 = S -+ Sanq2 € Dycky,, 5. Then we define ¢1(7) to be the bi-colored Motzkin path
=TT, € Motz,(2) such that

U if SpiSais = UU,
D if 89,5241 = DD,
H, if §2;52;41 =UD,
Hy if S5iSais1 = DU.

For example, see Figure[9.2

Theorem 9.2.2. The maps ¢o : Dyck,, — Motz)(2) and ¢1 : Dyck,,, ., — Motz,(2) are bijec-
tions. Moreover, if ¢o(m) = 7 (resp. ¢1(m) = 7), then wt(m; 0, X) = wt(7, b®, A¢) (resp. wt(m;0,A) =
A1 wt (T, b%, A°) ).

Proof. This is immediate from the constructions of the maps ¢g and ¢;. Note that ¢g(7) has no
blue horizontal steps because there is no DU at level 0 in 7. We have wt(m; 0, \) = Ay wt(7, b°, A?)
because S, 12 is always a down step of starting height 1. O

Theorem [9.2.2] gives a combinatorial proof of Corollary
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o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

A3y
A2

)\1 )\2 )\1 )\2
A1

Figure 9.1: A Dyck path m € Dyck,,, and the corresponding bi-colored Motzkin path ¢g(7) €
Motz" (2) for n = 8. For visibility, a blue horizontal step are drawn using dashed segments.

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

A4

a3
A2 A1 A2 A2

0 1 2 3 4 5 6 7

Figure 9.2: A Dyck path 7 € Dycksy,,,, and the corresponding bi-colored Motzkin path ¢;(7) €
Motz,(2) for n = 7.
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9.3 J-fractions and S-fractions

In this section we find a connection between the following two types of continued fractions. A
S-fraction or Stieltjes-fraction is a continued fraction of the form

1

1T

1_
LT

A J-fraction or Jacobi-fraction is a continued fraction of the form

1
)\1562
1— box - B)
)\2{,6
1-— b1$ -
Theorem 9.3.1. We have
1 B 1
Mz M Aoz?
1- 1 1—()\0+/\1)1‘— 1727 5
)\21‘ )\3/\41‘
1-—— 1—(>\2+)\3)$—
- n /\1x
N )\2)\31’2 ’
1— ()\1 + )\2) 3
)\4)\51’
1-— ()\3 + )\4)33 —

where Ag = 0.

Proof. We use the notation in Corollary Since

7_2 Z wt(m; 0, A)x ZuznO)\

1— n>0 w€Dyck,,, n>0
)\21’

and

o =D > wt(mb Az =) pa (b, A

n>0 r€Motz, n>0
/\3)\41‘2

1—(>\0+)\1)$—
1—(/\2+)\3)JC—

we obtain the first equality by Corollary For the second equality observe that, by Corol-

lary P11
)\1 Zﬂn bo AO " ZN27L+2 0 )‘ Z,UZTL 0 A

n>0 n>0 n>0
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Hence

Z ton (0, AN)2"” =14+ M\ Z tn (%, A%)2™ =14 M Z Z wt(m; b, A%)z"

n>0 n>0 n>0 mreMotz,
14 )\133
N )\2)\3.%2 ’
1— ()\1 + )\Q)I — 2
)\4)\5.1?
1-— ()\3 + )\4).’17 —

which gives the second equality. O



Chapter 10

Linearization coeflicients

Let {P,(z)}n>0 be an OPS for £. A linearization problem is a problem to determine the coefficients

0 . .
c,(n)n in the expansion:

Pr(2)Po(z) = >\, Pu(x).
>0

If we multiply both sides by P;(z) and take the linear functional £, we get
L(Py(&) P (@)Pa(x))  L(Po(x) P() Pa(x))

Cgﬁ),n = =

,C(Pg(a})2) /\1 e /\g

Thus in order to find cgﬁ),n it suffices to compute L(Py(x)P,,(x)P,(x)). For this reason, we will
call L(Py(x)Pp,(z)P,(x)), or more generally L(P,,(z)--- P, (x)), a linearization coefficient.

Finding a linearization coefficient in general can be difficult. In this chapter we will find
combinatorial interpretations for the classical orthogonal polynomials: Tchebyshev polynomials
of the second kind, Hermite polynomials, Charlier polynomials, and Laguerre polynomials. In the
case of Laguerre polynomials, we will also find interesting connections to multi-derangements and
MacMahon’s master theorem.

Roughly speaking the main idea is as follows. First, find a combinatorial interpretation for
P, (z). This will give a combinatorial meaning to the product P, (x)--- P,,(z) in which every
term is of a certain form a(T)x%™). Then applying the linear functional £ converts this term into
a(T)pp(r). We then replace () by the combinatorial meaning for the moment. Now we have
a combinatorial meaning to L(P,, (z)--- P,, (x)). Finally, we find an appropriate sign-reversing
involution to cancel unwanted negative terms.

10.1 Hermite polynomials

Recall that the (rescaled) Hermite polynomials {H,, (z)},>0 are defined by

Hyi1(z) = 2H, () — nHy_1 (2).

The n-th moment w, = L£(z™) is equal to the number of perfect matchings on [n]. Note that
L(x? 1) = 0.

Let M,, denote the set of all matchings on [n]. For 7 € M,,, we define e(7) to be the number
of edges in 7 and fix(7) to be the number of singletons in .

Lemma 10.1.1. We have

ﬁ—n(x) _ Z (_1)e(r)xﬁx(‘r).

TEM,

Proof. This can be proved easily by induction on n. O

99
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Definition 10.1.2. Let ny,...,n; be fixed nonnegative integers with ny + --- + ny = n. For
1<s<k,let
Js={itni+-+nj+1<i<ng+-o+ 0k (10.1.1)

Note that [n] = J; U--- U Ji. Consider a matching 7 on [n]. We say that an edge (i,7) of
7 is homogeneous if i,j € Js for some s. Otherwise, we say that (¢,j) is inhomogeneous.
We also say that 7 is homogeneous (resp. inhomogeneous) if every edge in 7 is homogeneous
(resp. inhomogeneous). We denote by IPM(ny, ..., nx) the set of inhomogeneous perfect matchings
on [n].

Theorem 10.1.3. We have

L (ﬁnl (m) s I;nk (-T)) =L Z H(_l)e(ﬂ)mﬁX(n)
(T1esTh) EMpy Xooo X My, i=1

Z (71)6(71)+-~~+e(‘r;‘,)£ <xﬁx(7'1)+---+ﬁx(7k)> )

(T15eey Tl ) EMpy X=X M,

n

Since L (xﬁX(T1)+"'+ﬁX(Tk)) is the number of perfect matchings of size fix(r) + - -- + fix(7x), we
introduce the following definition.
Let X be the set of all pairs (7, 7) satisfying the following conditions:

e 7 is a homogeneous matching on [n],
e 7 is a perfect matching on the set of fixed points of 7.

Then the above equation can be written as follows:

£ (Hoy(@) -+ o (@) = > (=1,

(r,m)eX

Now we construct a sign-reversing involution on X. Let (7,7) € X. If there are no homogeneous
edges, then 7 has only fixed points and = € IPM(ny, ..., nk). In this case we define ¢(7,7) = (7, 7).
Suppose that there are homogeneous edges in 7 or 7. Find the homogeneous edge (i, 7) such that
7 is the smallest possible. Then we toggle the membership of this edge. More precisely, let

T =TA{ ), = wA{))

where TA{(i, )} means the matching obtained from 7 by deleting the edge (¢, j) if it is there, and
adding the edge (i, j) otherwise. Let ¢(7,7) = (7, 7’). See Figure [10.1]

Tt is easy to see that ¢ is a sign-reversing involution with fixed point set IPM(ny, ..., ng). This
completes the proof. O

Corollary 10.1.4. We have

L(Hp(x)Hp () = Omnnl.

Proof. If m # n, then there is no inhomogeneous perfect matching. Hence the value is 0. If
m = n, there are n! inhomogeneous perfect matchings since such an object is equivalent to a
bijection between J; and Js. O
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Figure 10.1: An element (7,7) € X and the corresponding element ¢(7, 7). The edges in 7 are
drawn with dotted arc. The map ¢ toggles the edge (2,4).

10.2 Charlier polynomials

Recall that the Charlier polynomials are defined by C_;(z;a) = 0, Co(x;a) = 1, and
Cnt1(z;a) = (x —n —a)Cp(z;a) — anCp_1(z;a), n>1.
For simplicity we will only consider the case a = 1. Let Cy(z) = Cy(x;1). Then
Crni1(z) =(x —n—1)Cp(z) — nCph_1(z), n > 1. (10.2.1)
The moment is
pn = L(2") = [y,
where II,, is the set of set partitions of [n].

Definition 10.2.1. A decorated permutation is a permutation in which each cycle may or may
not be decorated. A properly decorated permutation is a decorated permutation such that
every cycle of length at least 2 is decorated. Let D,, denote the set of decorated permutations on
[n] and let PD,, denote the set of properly decorated permutations on [n]. For 7 € D,, let dc(m)
denote the number of decorated cycles in 7.

We will always write a cycle so that it starts with the smallest integer and write a decorated
cycle as p*.

Lemma 10.2.2. We have
Co(z) = (=1)" Y (=)t (10.2.2)

wePD,

Proof. Let F,(x) be the right-hand side of (10.2.2). We will prove that C,,(x) = F,,(x) by induction
on n. It is true for n = 0,1 because Fy(z) = Cy(x) =1 and

Fiz)=(-)1-2)=2—1=Ci(a).

Suppose that we have Cy(z) = F(z) for all k£ < n+ 1. By (10.2.1), to prove Cpy1(x) = Fp41(2),
it suffices to show that
Foii(z) =(r —n—1)F,(x) —nF,_1(z). (10.2.3)

The right-hand side of (|10.2.3)) is equal to

2F,(z) — Fy(z) — nFy(z) — nFy_i(z) =

S ICELEED WERIEED wELERD St L

TEA, TEAs TEA3 TEA,
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where Ay, Ay, A3 and Ay are the sets of m € D,, 1 defined as follows:
o 7€ A if and only if 7 = o(n + 1)* for some o € PD,,,
o 7 € Ay if and only if 7 = o(n + 1) for some o € PD,,,

e m € Ajs if and only if 7 is obtained from o by inserting n + 1 after any integer for some
o € PD,,

e m € Ay if and only if m = 0/(i,n + 1), for some i € [n] and o € PD,,, and ¢’ is the decorated
permutation obtained from o by increasing every integer j, i < j < n, by 1.

Observe that A1 C PD,41, A3 C PD,41, but A3 € PD,, 1 and A4 N PD,,41 = 0. Moreover,
for m € A3, we have m & PD,,41 if and only if 7 has a non-decorated cycle (i,n + 1) for some
i € [n]. Let Ay = A3NPD,11 and A = A3 —PD,,;1. Then AY is the set of elements 7 such that
n+ 1 is in a non-decorated cycle (i,m + 1) of length 2. This will be canceled with Ay:

_ Z (_1)n+1fdc(ﬂ')xdc(7r) + Z (_1)n+17dc(7r)xdc(7r) = 0.
TEAY TEA,

Thus
an(Cﬂ) - Fn(x) — nFn(x) — TLanl(:L') = (71)7l+1 Z (7x)dc(7r).
‘f'l'€141|_|142l_h4§5

Now consider m € PD,,; 1. Then there are 3 cases:

e n + 1 forms a decorated cycle (n + 1)* of length 1,

e n + 1 forms a non-decorated cycle (n + 1) of length 1,

e n + 1 is contained in a decorated cycle of length at least 2.

These cases are exactly those in Ay, Ag, A, respectively. Thus A; U A; L Ay = PD,,41, and we

obtain ((10.2.3)). O

In a similar way to Definition [10.1.2] we define II(nq,...,nk) to be the set of inhomogeneous
set partitions on [n] = Jy U --- U Jg, where

Jy={i:nmi+--+n_1 +1<i<n; 4+ +n;}.
Similarly, a homogeneous cycle is a cycle consisting of elements from J, for some s € [k].
Theorem 10.2.3. For any integers nq,...,ng > 0, we have
L(Cpy(z)- - Cpp(@) = Y. wt(m).
wEM(n1,...,nk)
Proof. Let n =nj + -+ + ny. By Lemma [10.2.2]

k

(-)"L > [Tt

(715007 ) €My X oo X, i=1

[
—~
SQ
—~

8
~
EQ
=
~
~

Il

— (—1)" Z (—1)de(r)+etde(m) (Idc(71)+~-+dc(rk))
(715003 Tl ) €Ly X X Iy
= (_1)71, Z (_1>dC(Tl)+'“+dC(Tk)|HdC(7'1)+'--+dC(Tk)|'

(T15eeey T ) €My X oo X Ty

Note that every non-decorated cycle has length 1. Hence they can be reconstructed from the
decorated cycles and we can safely ignore them. Note that |[Ilgc(r,)+...+-de(ry)| 18 the number of
ways to construct a set partition of the set of all decorated cycles. To describe this more precisely,
we define the following set.

Let X be the set of collections m = {Bj, ..., B;} satisfying the following conditions:
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(1) each B; = {Cl(i), e C’t(:)} is a nonempty set of homogeneous cycles;
(), <1 <r 1< 5 <t} is a partition of a subset A of [n|, where ") is considered as
2) {CV1<i<n1<j< £ a subset A of [n], where C'" dered
the set of elements in it.
Given m = {Bjy,...,B,} € X, we define

sgn(m) = (—1)/Bl 1Bl

Then, by the above observation, we have
£(Cry @)+ Co (1)) = (=1)" Y sn(m). (10.24)
TeX

Now we will find a sign-reversing involution on X. Suppose 7 = {By,...,B,} € X. We first
cancel a non-decorated cycle (of length 1) and a block consisting of a single (decorated) cycle
of length 1. After the cancellation, we may assume that 7 has neither non-decorated cycles nor
blocks consisting of a single cycle of length 1.

Suppose that 7 has a block B,. that contains two elements from the same set Js. Then we find
smallest such r and then find ¢, j € B, NJ; such that (4, j) is the lexicographically smallest. Let 7’
be the configuration obtained by multiplying the transposition (i, j) to the underlying permutation
of m. This gives a sign-reversing involution.

The fixed points are the configurations 7 = {Bjy, ..., B} € X such that for every i,

e B; consists of (decorated) cycles of length 1,
[ ] ‘Bll Z 2,
e B;NJ; has at most one element for all j.

Hence the fixed points are in natural bijection with inhomogeneous set partitions in II(nq,...,ng).
Moreover in this case, we have (—1)"sgn(m) = (—1)"*" = 1. O

Example 10.2.4. Let (ny,n2,n3) = (4,5,3).
(1) et
F = {(L3) @), (A UL(5,6,9)", (7), (8)} UL(10)", (11,12)"},
7= {03, (5.0.9" 1 ()", (L1271 (107} .

Then 4 is the smallest integer j such that there is (j) or {(j)*}. Hence (1,7) — (7/,7'),
where

P = {(1,3)%, (2} U L)} U {(5,6,9)" (7). (8)} U {(10)°, (11,12)"},
"= {{(L?»)*, (5.6.9)). {(4)"}, {(2)", (11, 12)*},{<1o>*}}.

(2) Let
7=1{(1,3,4)%,(2)"3 U{(5,6,9)", (1), (8)"} U{(10)", (11,12)"},

- {{(1,374>*, (2)°.(5.6,.9)"}, {(7)". (8)". (10)°}. {(11, 12)*}}.

In this case, there is no integer j such that there is (j) or {(j)*}. Therefore, we find the pair
(1,2), which is the lexicographically smallest (7, ) such that ¢ and j are in the same block
of m. Thus we multiply (1,2) to the permutation (1, 3,4)(2):

(1,2)(1,3,4)(2) = (1,3,4,2).
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Thus (7,7) — (7', 7"), where
T = {(173’47 2)*} U {(5v 6,9)", (7)7 (8)} U {(10)*7 (11a 12)*}7

v = {{(1,3,4, 2)*,(5.6,9)°}, {(7)", (8)". (10)°}. {(11. 12)*}}.

Corollary 10.2.5. We have
L(Crn(2)Cr(x)) = O nnl.

10.3 Tchebyshev polynomials

The (normalized) Tchebyshev polynomials of the second kind ﬁn(ac) are defined by
Upi1(z) = 2Un () — Un_1(z),  n>0.
By the recurrence (or by the Favard tiling model), we have
Un(x) = Y (1) a0, (10.3.1)
TEF(n)

where F'(n) is the set of matchings on [n] such that every edge consists of two consecutive integers.
The moment is
L(z"™) = pp = | Dyck, |.

Note that pe, = C), and po,+1 = 0. There are many combinatorial objects counted by the Catalan
number C),. For our purpose, it is convenient to use the following objects.

Definition 10.3.1. A matching 7 is noncrossing if there are no two edges (a, ¢) and (b, d) such
that a < b < c < d.

Proposition 10.3.2. The number of noncrossing perfect matchings on [2n] is C,,.

Proof. Recall the bijection between Hermite histories and perfect matchings. If every label of a
down step is 1, then the corresponding matching is noncrossing. This gives a bijection between
Dyck paths of length 2n and noncrossing perfect matchings on [2n]. O

Let NC(nq,...,nk) denote the number of inhomogeneous noncrossing matchings.

Theorem 10.3.3. We have
LU, (z) - Up, (2)) = |[NC(nq,...,11)|.

10.4 Laguerre polynomials
The Laguerre polynomials are defined by

Lgﬁ)l(x) = (z—2n—a)L{(z) —n(n—1+ a)Lgfi)l(x), n>1.
In this section we will only consider the case « = 1. Let L, (z) = L;l)(z) so that

Lpii(x) = (x —2n — 1)Ly (x) — n*L,_1(x), n>1. (10.4.1)

Recall that
pn = L(z™) =nl.

Let [n] = {1,...,n}. We denote by K, ,, the complete bipartite graph with vertex set [n] L 7]
and edge set {(i,7) : 1,5 € [n]}. Let M (K, ) be the set of matchings on [n] L[] whose edges are

of the form (4, j) for some i,j € [n].
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Lemma 10.4.1. We have

Lo(z)= Y (=102 (10.4.2)
TEM(Kn,n)

Proof. Let F,(z) be the right-hand side of (10.4.2). We will prove that L, (z) = F, () by induction
on n. It is true for n = 0, 1 because Fy(x) = Lo(x) =1 and Fy(x) = — 1 = L;(x). Suppose that
we have Ly (z) = Fj,() for all k < n+ 1. By (10.4.1)), to prove Ly,41(z) = Fo41(x), it suffices to
show that

Foi1(z) = (x —2n — 1)F,(2) — n*F,_1(2). (10.4.3)

Letting w(7r) = (—1)¢(Mzfx(7)/2 the right-hand side of (10.4.3) is equal to

zF,(z) — F(z) — nFy,(z) — nFy(z) — n’F,_(x) =

+ Z w(r) + Z w(r) + Z w(r) + Z w(r) — Z w(r), (10.4.4)

TEAL TEAS TEA3 TEA, TEAS

where

n+1n+1) :n+ 1 and n+ 1 are fixed points in 7},

Ay ={re M(K )

Ay ={17€ M(K,41nt1): (n+1,n+1) is an edge in 7},

As={r € M(Kp+1,n+1) :

Ay ={r e M(Knt1n+1):

As ={r € M(Kpt1n41): (i,n+1) and (j,n + 1) is an edge in 7 for some 1 <1i,j < n}.

Since A3 N A4 = As, the right-hand side of ((10.4.4) is equal to

> w(r) = > w(T) = Foya ().

TEAIUAUA3UA, TEM(Kpi1,n+1)

(i,n + 1) is an edge in 7 for some 1 < i < n},

(i,n+1) is an edge in 7 for some 1 <i < n},

This shows (|10.4.3)), which completes the proof. O

Recall that a derangement is a permutation m € &,, such that m; # i for all i € [n]. We
generalize the notion of derangements as follows.

Definition 10.4.2. Let nq,...,n; be nonnegative integers with ny 4+ --- + nx = n. We use the
notation Js in . An (ng,...,ni)-derangement is a permutation 7 € &,, such that for
any 1 < s <k, ifi € J,, then m; € Js. Let d(ny,...,n;) denote the number of all (ny,...,ng)-
derangements.

Note that the a usual derangement is a (1,.. ., 1)-derangement.

Theorem 10.4.3. We have
L(Lp,(z)-+ Ly, (z)) =d(ng,...,ng).
Proof. Let n =nq1 +---+ ng. By (10.4.2),

L(Ln,y (@) -+ Ly ()
k

— Z H(_l)e(n)xﬁx(n)/Q

(T15ee s TR)EM (Ky iy ) X oo X M (K ny, ) 1=1

— 3 (—1)e(r)ttem) (x<ﬁx<n>+~--+ﬁx<m>>/z)
(Tl,...,‘rk)EM(K,ﬂl,nl)><---><M(K"k7“k)
= 2. (~ 1)t (fi(y) -+ (7)) /2)

(P1seesTR)EM (K g )X+ X M (o )
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Observe that ((fix(71) + - - + fix(7%))/2)! is the number of ways to connect the fixed points in
[n] to the fixed points in [77]. We will find a combinatorial interpretation of the above sum.

Consider a matching 7 € M (K, ,). We say that an edge (4, j) of 7 is homogeneous if i, j € J,
for some s. Otherwise, (i, ;) is inhomogeneous. Let X be the set of pairs (7, 7) satisfying the
following conditions:

(1) 7 is a homogeneous matching in M (K, ,);
(2) 7 is a complete matching on the fixed points of 7 using edges from M (K, ).

Then we have

L(Lny (@) Lny(2) = Y (=10

(r,m)eX

Now we will find a sign-reversing involution ¢ on X. Suppose (7,7) € X. If there is no homoge-
neous edge, then define ¢(7, ) = (7, 7). If there are homogeneous edges, find the lexicographically
smallest (i,7) such that (4, 7) is a homogeneous edge in 7 or 7. Define ¢(7,7) = (7/,7’), where
7' =7A{(i,7)} and m = 7A{(i,5)}. This is a sign-reversing involution. The fixed point set is the
set of (7,m) € X such that 7 has no edges and 7 is an inhomogeneous perfect matching on K, ,,.
This is in natural bijection with (n,...,ny)-derangements. O

10.5 Multi-derangements and MacMahon’s master theorem

In this section we will prove the following formula for the generating function for the number of
(n1,...,ng)-derangements.

Theorem 10.5.1. For a fized integer k > 0, we have

™ e 1
d .. #... k =
>, dlm, ) T 1—ez—2e3—3eqs— - — (k—1)ex’

n,...,nE >0

where e, is the elementary symmetric function of x1,...,xk, i.e.,

€, = Z Tiy T, -

1<y < <in<k
We will prove this theorem using MacMahon’s master theorem.

Theorem 10.5.2 (MacMahon’s master theorem). For a matriz A = (ai,j)ﬁj:p let

k
F(ni, . ong) = [0yt H(ai,lyl +oee +ai,kyk)ni-

i=1
Then 1
S Frn e e — L
1yeesn >0 det([k — TA)
where T = (62»7]»1;1-)%:1,
A multi-derangement of {1™1,2"2 ... k™ } is an arrangement m = 7y - - - 7, of the elements

in this multiset such that for all 1 < s < k, if i € J,, then m; # s. The number of multi-
derangements of {1™,2"2 ... k™ } is

m(nl, cen ,nk) =
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Lemma 10.5.3. We have

k
m(ny,...,nk) = [y - yp*] H(ai,ﬂh +otaieyr)

i=1
where a; ; =1 —9; ;.
Proof. Let m# = 71 -7, be a multi-derangement of {1™,2"2 ... k™ }. Then m,...,7,, are
integers in [k] — {1}. Thus, the subword 7y - --m,, can be constructed by selecting yn,,...,Ynr,,

in the expansion of the product

1

(a1,1y1 +---+ amyk)nl: (yz +---+ yk)n .

Similarly, the subword 7, 41 -+ - Tn, +n, can be constructed by from a term in the expansion of the
product

2

(aayr 4+ +azkye) = +ys+-+u)
Continuing in this manner we can constuct the word 7 from a term in the expansion of

k
H(amyl +- ai,kyk)m- (10.5.1)

i=1

Since m has n; i’s, such a term must be equal to y;* ---y,*. This gives a bijection between

all multi-derangements of {171,2"2 ... k™ } and the terms equal to yi'* - -y, * in the expansion
(10.5.1). This implies the statement in the lemma. O

Let Ji be the k x k matrix such that every entry is 1.

Lemma 10.5.4. We have
det(l, — J.)=1—r.

Proof. If \1,..., A\, are the eigenvalues of J,., then
det(zl, — Jp) = (x — A1) - - (x — A\p).

Observe that 0 is an eigenvalue of J,. with eigenvectors ¢; — €;41, 1 < ¢ < r —1 and r is an
eigenvalue with eigenvector €; + --- + €., where €1,...,¢€,. are the standard basis vectors in R".
Thus, (A1,...,Ar) = (r,0,...,0) and we obtain

det(xI, — J.) = 2" Y (x — 7).
Substituting x = 1 gives the lemma. O
Lemma 10.5.5. Let A= J, — I;,. Then
det(Iy —TA)=1—e2—2e3—3eq4 — - — (k — 1)ey,
where T = (6i’jmi)ﬁj:1.

Proof. We have I, — TA = (b; ;)¥

ij=1

1 ifi=j,
bij = :
—x; otherwise.
Then

k

det(I —TA) = Z sgn(m) Hbi,w(i) = Z sgn(m) H bix(s)- (10.5.2)

eSS i=1 HC[k] 7€& 4, Fix(m)=[k]\H icH
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Suppose H C [k]. If 7 € &,, satisfies Fix(7) = [k] \ H, then
H bin(iy = H(*Iz) = (*l)lH‘ H L
i€H icH i€H

Thus

3 sgnwr)Hbi,ﬁ(i):((—UH'H%-) S sealn)

€Sy, Fix(m)=[k]\H i€H i€H €Sy, Fix(m)=[k]\H
= <(1)H| H xl> det(J|H‘ — I\H\)
ieH

= det(I‘H‘ — J‘H‘) H T;
i€eH

=1~ ") ][]«

icH

where the last equality follows from Lemma|10.5.4 Therefore we can rewrite (|10.5.2)) as

det(ly — TA)= > (1—|H|) [] =

HC[K] icH
k
:Z(l—ﬂ)eg =1—ey—2e3—3e4—---— (k—1)eyg,
£=0
as desired. O

Now we are ready to prove Theorem [10.5.1]

Proof of Theorem[10.5.1] Let A = Ji, — Ij,. Then by Lemma [10.5.3 and Theorem [10.5.2]

1

LA —
Z m(ny,...,ng)r] Ty det(I, — TA)’

n1,...,n, 20

where T = (5¢7jxi)§,j:1. Then we obtain the theorem by Lemma |10.5.5 O



Appendix A

Sign-reversing involutions

Definition A.0.1. A sign of a set X is a function sgn : X — {+1,—1}. A sign-reversing
involution on X is an involution ¢ : X — X such that

(1) sgn(z) =1 for all z € Fix(¢);
(2) sgn(é(x)) = —sgn(z) for all z € X \ Fix(¢),
where Fix(¢) is the set of fixed points of ¢, i.e., Fix(¢) = {z € X : ¢(x) = z}.

It is easy to see that if ¢ is a sign-reversing involution on X, then

> sgn(X) = |Fix(¢)|. (A.0.1)

zeX

Example A.0.2. Let’s prove the following identity using sign-reversing involutions:

f:(—l)’c <Z> =0. (A.0.2)

k=0

To this end we need to construct a set X and a sign-reversing involution ¢ on X such that (A.0.1))

becomes (A.0.2).

Let X be the set of all subsets of [n] := {1,...,n} and for A € X, define sgn(A) = (—1)I4I.
Then it suffices to construct a sign-reversing involution on X with no fixed points. This can be
done by letting ¢(A) = AA{1}, where AAB :=(AUB)\ (AN B).

Example A.0.3. Recall that we proved the following identitiy, which was stated in ([2.1.4)), using

generating functions:

ak e®a™

Z Pm(k)Pn(k) k! - Tén,my (A.O.3)

k>0

where P, (z) are the Charlier polynomials defined by
"L [z (—a)"
P, (z) = N/
@=2 (&) &

We will prove this identity using sign-reversing involutions. To do this, we will consider (A.0.3))

109
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A

&

B C
Figure A.1: The triple (A, B,C).

as a power series in a. Note that

Zrono- 20 06

k>0 k>0 i=0 =0 \J
Zii( k >(ai< k >(a)jak
- — i — T
Soise o \m—t 7! n—j 1

0
av ... N! k k
— Z —1)t
NI Z (=1 i!j!k!(m—i)(n—j)’

where (’;) =0if s <O0.

For a fixed N,
. N k k
§ —1)it+i _ E _1)IB\AH[C\A]
i+j+k=N (A,B,C)eX

where X is the set of triples (A, B, C) such that AUBUC = {1,...,N}, |A| = k,|B| = m,|C| =n,
(BNC)\ A= 0. Define sgn(A, B,C) = (—1)IB\AIHAL We will find a sign-reversing involution
on X toggling the smallest integer in regions 1 and 2 or in regions 3 and 4 in Figure

To be precise, for (4, B,C) € X, define ¢(A4, B, C) as follows.

Case 1 The regions 1,2,3,4 are all empty. In this case we define ¢(A, B,C) = (A, B, C).

Case 2 At least one of the regions 1,2, 3,4 is nonempty. Let s be the smallest integer in (BNC)\ A.
If s is in region 1 (respectively 2, 3, 4), then move this integer to region 2 (respectively 1, 4,
3). Then let ¢(A, B,C) = (A, B’,C"), where A’, B',C" are the resulting sets.

By the construction, ¢ is a sign-reversing involution on X whose fixed points are the triples
(A, B,C) such that the regions 1,2,3,4 are all empty, that is, B=C C A. If B=C C A, then
A = [N], so the number of such triples (4, B, C) is (]:) if m = n and 0 otherwise. Thus

Z (_1)|B\A\+|C\A\ = |Fix(¢)| = m.n (N)
(A,B,C)eX "

This implies

a® aV (N eta”
ZPm(k)Pn(k‘l)E = 6m7n Z ]V'(TL) = 76n,m-

E>0 ’ N>0
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