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o Composition: €F5~2] gF4

HEEE category2] ¢1o]=

£
>,
Lo,
L
&
o,
o
i

lo
X,
Mo

o] category= 7} 7] EZ o] A EE O

o Morphisms: 7+ &= FAFE
o [dentity: o5 &AL

e Composition: & FAS] g4

om
\ﬁ
%
lo
ku
Bl
el
Ol
~—
rr

o] category= k0] F 2 lgol ES ). o AFo]o] BAIE &
Zlo] B k.

d] 2.4 (Top). Top: AFFIFHE9] category
o Objects: HE M=
e Morphisms: G5
o Identity: oF5 H<Lgl

e Composition: H=gF90] gh4]

Iy

Y] S el AYFIES category2 EAT ALk A%Aoleks AH o] mor-

phism 2 2 F & FLc]
01' 2.5 (VectK). VeCtK.' K —104]__0,] i’Ef—Oﬂ-Z_]—%—’] Category
e Objects: K Q9] R E HEZIIE

e Morphisms: 414 Heol=

ol

il

rloy

o Identity: 35 A%
e Composition: 419 HEFO] oF4

Agrjsor0] 20 ool WEFIHE-E THEE category 9T} 1714 K= 7|44 (base field) S
LrEFgL T,

olg] gt A S-L categoryZ} T3] A A 0l Ago] ofuzt AA| £51e] ofg] Hols =57

3 Rkl
o ofa@ 4 A AFE ETYS HAF L
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2.4 EWH3l Category: One Object Category2} Group

Category®] 7H'g-2 w9 dutA ool A Wi == o 42| 23 F X & category = SfAT o~ 5 U
=5 Sul28 oA % Shbe shite] BfEE 714l category LItk

9] 2.6 (One Object Category and Group). SFLFO] tfAARS 7RI category+= w2} W oF o]
ol Z1]C}-
H

o 72 €7} Shpe] T X EhS T,

o Hom(X,X)9] BE #la(3}7] 24029 BE morphism)E Y2Fehick

o o] morphismE] Fo] <] Aol FHll

o Identity morphism©| 2] grs-go] Hijc}.

o 2} morphismo] k& 714 ), o] Felzel 2} FHo] Frlc)
oj2|3t S =T e LE] o2& AE A= T2 AAIY YT

o] A= category] Ado] rht fdska FERAE BolFUTh shte) thaRe 713
categoryS £ Lol HEA th5d T2E A2 Azl A olale 4 94 Byt

2.5 Functor?] #A2J9} o A]

Category Afole] BAS ofsfeh AL MFES] G4
Fol] vHtZ functordYt}. Functor+= $t category ol A
T sy

A 9] 2.7 (Functor). Functor F : C — D+= category COJA] DZ2] "morphism" ] C}:
o Z} object A € Cofl Hisff F'(A) € DE j-&AIH
o ZF morphism f: A — B in CoJ il F(f) : F(A) — F(B) in D& tf-2A]Z1}.
oS 245 vhEofjof g
o F(ida) = idp(a) for all A€C

=3 % shueluct. o2 $ls) =9 A

category 2 9] "morphism" © & AJzak

e ['(go f)=F(g)oF(f) for all composable morphisms f and g in C

Functor®] 7§ d-& o & o|sist7] Qlal, E 712 T8t dAIE AnEAS U
o] 2.8 (Forgetful Functor). U : Grp — Set

o Z} S 7 underlying setof] of-&-A]Z] L}

o 7 EEFAYE Bd] BE BET

of functors 79] FEE& "Yojule]n" Bed] Yo Wi AYYr. o 5ol A A A
L] "apzkr A g Rlglol A oJu] Tl

o 2.9 (Powerset Functor). P : Set — Set
o 7 Y8 XE T HYE PO A

o & [ X 2 YEP(f): P(X) = PY)ol &A1t o714 P(f)(A) = {f(z) 1w €
A} for AC X.

o] functori= FgHES] 71 GAatel BIFE AL category] dlof 2 FHT AT
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9] 2.10 (Fundamental Group Functor). 71 : Top, — Grp
o 2} pointed I (X, 20)E T 7]E7" m(X, z0) Ol HI-SAIZH T

o Z} based A<l f 1 (X, x0) = (Y,yo0) & induced & FAF fu : mi(X, z0) = m (Y, yo) ol
-S- A Y oF.

o] functors 9JAlole] Z Q5 EujaF
$1g<ato] a4 ofo]r]olg ¥ gh]rt.

9 2.11 (Hom Functor). Hom¢(A,—) : C — Set for fized A € C

ol Z[EAS Hi+3 gigoz Hgkglr). ol fj+F]

o 2} object B € C-E Home(A, B)of tj-2-x]ZJLic}.
o 2} morphism [ : B — C& f. : Home(A,B) — Home(A,C)efl th-AIZ e ol7]4]
f-(g) = fog for g € Home(A, B).
Hom functor’= category theoryol A o 2.3 98-8 gh]c}. O] Yoneda lemmas} Z-2 72
Fiso] 7|27 Ut

oleig AAIEL functor7t ol FA| AR Th2 314 TEE Ao o] WAE EHTHEA B
Utk Functor® 58} 9] 3 category®] RS ThE category® AR 5 9Lom, o= 4
FEE Aold] 2 AP AT 5 UA Byt

|0

o]

2.6 Natural Transformation®] % 2]¢} of A]

Functorg Ato]Q] B{AE oldllol= AL £Q3Ut) o]& 5 = Y% 7f'do| natural transfor-
mation®] U t}t. Natural transformation& 5 functor A}¢]2] "morphism" © 2 Az 4= Q)& Tt

A9l 2.12 (Natural Transformation). &= functors F,G : C — D AFo]9] natural transformation
n: F = GE ZF object A € COf tfgF morphism na : F(A) — G(A) in DO o2, Cf-<
Z718 pEE

HE morphism f: A— B in Co g5} t}-2 diagram©] commute &FL]C}:

o] Holi uj 4

o
Utk # b 293 oA S
o 2.13 (Identity to Squaring). F,G : Set — Set-& Cf-=1} Zro

SopE gl A A2 54

e F(X) =X (identity functor)
o G(X)=X x X (product with itself)

Natural transformation n : F = G& zZF ek X giefnx : X —» X x X, nx(z) = (z,2) 2
Felar 4= gzt

o] gJAlE HgFo] "zl AMF"S natural transformation © 2 FE e AU} o]
o] 25 SR YL category theorye] 1ol2 FAsFet A LT

o 2.14 (Determinant). det : M,, = Id (¢7]4] M, 2} Id= Ring 4] Ring © Z 2] functors)

/g

rr
o

T
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My(R): R 9]¢ n xn YEE2] @
e Id(R): R 241 (G5 gk}

o ZF 2l RO tiaf], ng : My(R) — RE o] FL4]S Ao

e o R—279] 1 nz<i Z) — ad—be

o] natural transformationS 27} Zr2 A28 ZF51CH
o F4 HE: np(AB) =nr(A)nr(B) for A,B € M,(R)

o TRIE HE nr(ln) =1g (9714 In2 n xn F&IE)

o] 077*7% /fj‘ﬁtﬂﬁ— Fol = q 5l iy ol P HAl-S natural transformation 2 FEEoF Ayl

o]& Eof] WEFR] o] ofz] HZAES category theoryl] T oAl o]sfler 4~ Ql&L] ] o
o] 315 | A|5-& natural transformationo] o]@ 7| 4=5t9] thekst Rofol| A S& 6= P ES
TAH o ol o A SlF=A HolFUh

2.7 Universal Property

HEZ2A m]e Q83 7|d = 5}i}= universal propertyUth. o] 7jgL 45t4 tiAS 1
AT o2 gIAFE Atol o] TA|R EA A= v 4 2gh o)

A9l 2.15 (Universal Property). Universal property= F2 "HE of gof 7 Z 2 5F
i Fejz FEHLT). o i AL Y FRBIE 1 o] ohE ST o 5

JsapgoteAld] 2He WL

Universal property 9] Q42 o33 <54

k9

Universal property?] 7J @2 t] 2 o|sfi5}7] Yall, @ 712 £835t dA|& AR A5

=
o] 2.16 (Direct Sum (Coproduct)). HE] F7FV 2} W o] 2] Z e} VW = CFS universal property
2 wEg
o =9 (injections) iy : V -V Wiy : W =V & W7 ZAgct.
o o] WE] B2 X9 AT AY 1V > X, g5 W - Xof o,

o« SUTHG AV OW - X7} ERfoho] ThS-2 wEF T

-1 H

VLV@
W

X<7

w

o coproduct)J universal property& Hoj&L Tk o] prop-
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o 2.17 (Product). §eF A2} BO] & A x B ]S universal propertyE BTFEgfL]C}:

o ALY (projections) ma: Ax B — A} np: A x B — B7} ZAghrt.

o 9o)o Yot Xo} g [ X = A, g: X = Bej 3],
o 295} g1~ h: X — A x B7F £xf5}o] o}S-S nkEgl] )

Pt

Universal property+= "51 o] ofg] Zofoll A Fagt g2 At 53] HFEo)A = limite}
colimit®} 72 & Q 3t 7'\d5°] universal propertyE 5ol | HUt}. o]t FHL YA A2
2 ald 725 Aolg] P AT WANE o £22 FU.

2.8 Yoneda Lemma

F29| 7 7131 £ QSF ANt = Sl Yoneda lemma] Ut o] A2 object”} T2 object
*44 WA= &6 A4dS HolFH, ol 4ot dif= L "HA"E 9 ol 4+ Al
e

Ad 2.18 (Yoneda Lemma). CE locally small category, AE C9] object, 18] F : CP? — Set
= functorgfxl gAICE. T2 H tgaf 2R R A2 bijectiono] AL o

Nat(Home(—, A), F) = F(A)

o] 7] ] Nat-& natural transformations®] FgrS LFEFH L CF.

o] Ae] o] ou|e} FadS olafictr] floll, E 71| S8 A5 AW ERSY
9 2.19 (Group®] Characterization). Grpof4], ofSo] A F gt
Nat(Homgyp(—, G), Homgrp(—, H)) = Homgrp(G, H)

ot 7 G} E BE 25 EEFAYER 93] AFEL gt
A 5 2 A Sl ol - AL HAS U 5, o 2] hE B 255
oA YEAGIEA] YW, 129 BE JRE I+ doe AYL]eh

o] 2.20 (Representable Functor). Functor F : C — Set7} representables}rf= 512 o]H A e C
of gial F = Home(—, A) Y-S oJu]gli]cl. Yoneda lemmas= o]2]oF A7} ExfeictH 3 ghS
gt
o] =5lofJA] RIF S3ISFE "universal property"o] JHYxl @G Heo] QLo ZEe
12 FLxEo] o]2]gh universal propertyE E3) FOJE]H, Yoneda lemma= ©]2] ol X17/,77]-
well deﬁned°7 S Hzkehr).

Yoneda lemmats 919 F40] 2|5, 1 6.2 5519] ofe] Hofo] A &yt of
sh4 oSS 159 1" 5
»

5]
A § 42 58S A
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2.9 Abelian Category

48ke] olg] Rof, E4] f4:813 dsstel A QA 125 7 S-S R E 297 B
ol

A 9] 2.21 (Abelian Category). Abelian category= TF= <455 7] category YL Cf:

e E Hom-seto] abelian group +3X& ZFH Yt

Zero objectZF ZASFUTE (=, initial object2} terminal object’} &¢)
o HE 95FoF products2F coproducts?| gL CF.

X E morphismof] tfsf kerneld} cokernelo] ZxfgfL]ct.

e .5 monomorphism-2 ©]E morphism2] kernelo]1l, H-E epimorphism-2 ©]E morphism

9] cokernel¢JL]cl.

o] Aol g AT 0F Hol A, AAR Be FT 5514 T2 E5o0] abelian category]

AAZF HUe. 2 Q
o 2.22 (Ab). Ab: ofE F259] category

e Objects: = ofd] &

e Morphisms: o &5 FAE
e Zero object: T[T U&= o

Kernel: =& @AM o

o Cokernel: =T AFAFO] 2Ldl

ol 7 72 A Q1 abelian categoryl] A YU 2-E abelian categoryl] {lEo] EHE= FX ¢

2=

9 2.23 (Modg). Modg: R-modules®] category (R %F)

Objects: = R-modules

e Morphisms: R-module & JAE

Zero object: O module

KernelZ} Cokernel: Ab2} 2 AFLA] 2]

o] A= 43}, So] HF ok HHF Bl ALk ME FIHE o] category] T
A9 gLk

Abelian category®] % 84-¢ TA0| ATl SAH P AGUh Be 4oty 725
abelian category®] 5 gtol 4] A7 4 9lor, o)2 o EgA0
olaet % oA Y.
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2.10 Derived Category

He) 55 53] IS YT B3 HAT A4 FLEE celof gct
o]&st EFAAL th2 ] 93 == o] derwed category Ay tt}.

A9l 2.24 (Derived Category). Abelian category A2Q] derived category D(A)+= ch-S3} Zro] -
g

o Objects: AQ] complexes
e Morphisms: Chain maps9] localization (quasi-isomorphismsE isomorphismszZ Tra
Derived category 9| 7442 ©lslisl7] 9, ® 714 Tat /idse A 25U
o Complex: Hl/352] Af|et 1 Aol €] morphism%i olFold #x
i N JC N S
AZA dy 0 dn—1 = 0JH. (5, im(dp—1) C ker(dy))

Chain map: & complex AF©] 2] morphism. ®-E square’} commutedfof g ct.

e Quasi-isomorphism: ComplexE A}0]9] chain mapl.&2, BE 2}4of| 4 cohomology 2]
isomorphism-& FE5H= A

tle

Localization: 7% morphismE (¢]7]A4]+= quasi-isomorphisms)-& JA] 2 05 ¢

= gEt 3

Cohomology: Complex A2 ntHA] cohomology+
H"(A,) = ker(d,)/im(d,—1)

Derived category= thait &2 o|-f& Ao ool A S2% 4= Yot

e Derived category+ homological algebras © ZAAARA th= o+ AA |FY T+
o 237 Oj5H, Tlookd RS o S T 4 A gt

e Sheaf theory, 3] perverse sheaves?} D-modules ©]-= Syt

o tlslelel, BEE 5 Ao Sote] ofa] HopolA] WA
Derived category] 77|21 ol 12 B4 o /A o 2 ola) ML,
d) 2.25 (D(Ab)). D(Ab): ol 259] derived category
o Objects: ol 59| Eo}A]] (chain complexes)
= Afole] ZRED S~
o &8 IF AoERZ, oERA gl &

o] gAl= & PipetolA sach s gtk B9, 0] ZeEZA]E AtelE b

ogshr)

9 2.26 (D(Modg)). D(Modg): R-modules@] derived category
e Objects: R-modules2] Z-o}A]
o Morphisms: R-module F&FAE0] BHAIE Afo] o] S HED] Faf-
o 28 t7)elsE Bi|olth 5

o] AAi Hi7]tstel 4] B8] Za ). dE Sol, Jjsleld dige] REERAE Adehe
] AFg-E .

e Morphisms: &g Aol B ol



2.11. ¥FZ3 SHEAF THEORY 23

2.11 YWFE3} Sheaf Theory

HFE2 sheaf theory 9] 7|27} 5= 105 A5ttt Sheaf theory 2] 8 /NEE2 HFE2
dolz AALHA 2IFH Yok

e Presheaf: Open(X)°Po]| A Set (= Ab)= 9] functor

e Sheaf: £ X A& W=5}= presheaf

e Sheaf morphism: 5 presheaf functors AF©] 9] natural transformation
e Global sections functor: Sh(X) — Ab

e Sheafification: presheaves?] category©]| 4] sheaves®] category=2] functor

olzfet MdE2 tha FollA o A e AdUn. A7ME HEFE4 B ole=
ol A ol & UeAl 5| Ao EASY

o 2.27 (Continuous Functions Sheaf). X & Qf3tg7Fol2l oF mjf, d9<4=3l~529] sheaf Cx:

o UCX galgeto] s, Cx(U) ={f:U =R | f is continuous}

e Restriction maps: @F52] XA 22 Aot

e o]E= Open(X)°? — Set 9] functor
o] A= S 910] ALk ATH NG WEEY o]z P AL
o] 2.28 (Locally Constant Sheaf). X /2] lo

o 2 H x e X o) E5] 22 FElZ8 U7F Exfolo] F|y7F constant sheaf

e o= X9 94 FRE T PEZ 7Y

o] oR] = QJrFarzro] A LA LR E A
74/(]-/\07-_,,7 01-7/(7 O]'O]E]O-] = O]-L]-O”/]]:]-

cally constant sheaf F:

xS
o
l

il
%
riel

sl HHg HoF T o] t4d]

2.12 AE

WEEL 5o10] olg ok Beh 4eet 2108 AU S of HolA thet 2o
F9 AIES vingrayck

o Category: $314 TH5-S FASHE 712 &)

e Functor: CategoryS Alo]e] #AS FHsH= &

Natural Transformation: Functors Ato|2] WAE EHsH= T

e Yoneda Lemma: thA-S 1 WA S 53] o|sfol= ¥HH

e Abelian Category: QA X = 717 A= to-F

e Derived Category: B35 g|4-2 L2 & tf2= &

o]t 7'd 52 sheaf theoryE ©

2 Yo 2-e 451d B iy

07 2ol ARIHE A AL 19} B4 A7)
AUk 2P £0E 722 olaleln BAelE
A& o131 2lgih

thS Ao A= olgst HFEEA JFES HIE O 2 presheaf®} sheaf, 718|311 sheafificationo]|
sl AFA5] Lot A5 YT

o+ O,
rE

filo

>

o
9 of
i

o
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Chapter 3

Presheaves®} Sheaves

3.1 Introduction

o2 ol A el WEES] 7| AEES AT HET o 4] o] eld AHEL B O 2 sheaf
theory2] sHAl 7\d Q1 presheaf®} sheafES % 2]5}a1 o|3l|a| E A5 ).

Presheaf®} sheaf®] 732 "local-to-global" ¥2]& 4~8t& 0 2 A 3}ol7| Edot= Y
FHUL of AUES oA YuE oA A Yu 2 2ee 5 AAE 2o
ol g 2ot Hopol A Fag 4TS g CHKSI].

3.2 Motivation: =tAZ A H o] A3}

204]7] 28, S-S ThFE Rofol 4] vl HH S FARLUT o5 Sol, njE7]s}st
A TRpAle] 44 A7 W), a0 JojE ARES @A WA chakAel et Anz
2G4 5 Q27tar B dalstotel A diiea o] 48 olshats] Sisl FaHel 44
ARES ofgA FET 5 gLe7tar

olelst BASE A I, $eE Fad ANE AAHoR BlST 2UT 4
5512 £7h Ba gt ol Zo] B presheafet sheafe] o] BHAISH 7 ¢}u cHGrald]
o 3.1 (M|RCkIA O] G4, HELFEA M o)A FOlH FE A2 A S FF M
o] 2} HEE(o: A7} GolE Ge)oA] §F Folatir, o5 el WA M 9]
B2 stk of BAoA S

o 2} Bigo] Gols FEo] BRI FolA] YASH=X] FHelghch

o AHFIE, o5 dhpe] WA B
o] 7} o] HFZ sheaf theory’} CFR= 4] 2] ¢l ofo]r]o]¢jL L.

u
g
)
L
=

3.3 Presheaves: =42 AKX 9] A|A 3}

™ % presheaf®] 7@ e A|ZS|H S Ut Presheaf'= 24 % A HE A%6t= X2, functor

£ olg3) Ao
39] 3.2 (Presheal). $14-27F X of T, presheaf Fi= T3} 22 Hlo]el 2 74 HLIch:
e Functor F : Open(X)? — Set (= Ab, Ring &
o ZF HEFFU C X g He (E+= group, ring &) F(U)E dl-sAHH
o Zlinclusion V- C U 9f] tffd]] restriction map pyy : F(U) = F(V)E tf-&AZ LT}
o pyu+ identity mapo]e, W CV CUY of pyw = pvw o puv YHTF.

25
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o] 9]o14] Open(X)™ X 9] AR GE] category©] opposite category LT, o} in-
ClusionO] n H]'T;H H]'—é_]:” oz 1}5'@-% ],]—}E]—L‘gqq-
oA 3.3 (A48 preshea). 9532 Xl e, 2F SAFE U C Xl U Sl Ho)E o
Azl 52 {e C(U)E - A7)+ presheaf C-E A ZFS)FA]CF. Restriction map2 gF+29]
2pAA el Zgro =2 ol Hurk

Presheaf®] 7]\g-2 5’11/\7‘4 BAHRE AAHCZ e 5 A shFAqL,
Ut $8+= o] AEES oA "Ed"
o] 7ol Wag ol

Sheafi= presheafo] F7}4Q1 21-& Fojgh A
ZeA o g g@
A 9] 3.4 (Sheaf). Presheaf F7I TS = X AS 2= off sheaf2f1l gFLc}:
1. (Locality) BE He& el U C X} 749 Il {U;}of gidl, s,t € F(U)7} BE iof
el puv,(s) = puu, (t) o s = t Lot
2. (Gluing) JAHGU € X 2} 2700] UG Ui}l tfal], woF BE i, j ol tiaf] s; € F(Us)
ZFUNU; floA] RIS (Z, pu, vinv, (si) = pu,vinu; (55)), s € F(U)7F E2ffe] BE
iof sl PUUZ( ) = s Yyt
o] Aol ket Zo) A4 & Yt
A

L

t}. o] F7} ZAEL local-to-global Y&

e Locality & sheafo] QAE0] "HAHOoZ" AAHETH= AL on|gh ).
o Gluing 21L& 402 Yol "SoE| =" JHES AAAA AH2 "EL 4" Qoh=

2 olu|gct

o 3.5 (A&LT9] sheaf). A 2 AL8F9] presheaf C= A2 sheaf QU T} Locality 272
g0 FEAo] F4H.0 2 ZYHE AUOA, gluing 2712 FLH 02 Ho|H A% glrES
%07 HG& ALE T 5 Jof= AR A BIZFU o

6 (SheafZ} obd presheaf®] o). X = RO tffs], presheaf F& tfS2} Zo] ojgfct:
(U )z{f:U—)]R\f is bounded}
o] presheafi= sheaf7} oFUIT}. A8 Sol, Uy = (—m.n), n € N2 FJsLi, 2F Uy o4l
fule) = 2.2 GJ5PE, o] G52 2F U0l 4] SAlo] Ak A R SAFLE "gluc e
RS
o] 3.7 (Constant Functions Presheaf). X = RoJ tff5]], presheaf F & U212 Zo] ZoJghct:
FU)=A{f:U—=R| f is constant}
o714 U R G2 EYTYLT
of presheaf FI= sheaf7} oFLIT). o BI317] 918, gluing Z70] BE57] SHe FE
LT Eales
b Ul = (_27 _1)7 U2 - (172) EIL—Z ?)5:77-/(]1:11-
o ie F(U1)E fhilz) =18, f; € F(U2)E fo(x) =22 Fgtih.
o U1NUz =00|EZ, f1 7 foi= A2 REx] et

o 7L} U, UU, ZAA|A 2=l SfLt9] constant functionC 2 f13IF foE "glue"eF 4+
e

o] AAl= sheafQ] "local-to-global” EJo] Huoh= F-¢5F HojgsU ol w4202 FoJF

constant functionsg= A FZFoA o=l 5FLL9] constant functionC 2 "glue"&e 4 7]

SIS

“ﬁé

T

r
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3.5 Sheafification: PresheafE Sheafz® 957

1. E presheaf”} sheafQl AL ofd Ut} SFA|RF 2-2]= Fo|Z presheafE "7F 717FE-" sheaf2
H3He 4= 9l Yttt o] B4-S sheafificationo] 2kl T THKS0A).

A 9] 3.8 (Sheafification). Presheaf F 9] sheafification F &= cl-21}F Zro] Zo]E1]c}:
FHU) ={(s2)zev | 2 € Fu,AV D 2,8 € F(V) s.t. 8, = sy for ally € V}
7] A] Fuiz w0l A1 €] stalk LTt

Sheafification Th27} -2 HH A A2 (universal property)= 7FEUYth 49]9] presheaf
o A sheaf= 2] morphism-2 -§2!5}7| sheafification2 E3| factorize® Ut}

9 3.9 (Bounded functions presheaf®] sheafification). $FA] E bounded functions@] presheaf F
9] sheafification F = cf2y} g5k

FHO)={f:U—-R|VeeU I 2V, > x s.t. fly, is bounded}

=, FtE locally bounded functions©] sheafQLT}.

3.6 Locally Constant Sheaves

rr
A|m

Locally constant sheaves+= sheaf theoryo]| A % Q 3t A9&H2- o} H3E £ 57 9] sheafd Yt Dim04].

A 9] 3.10 (Locally Constant Sheaf). Sheaf F7F locally constant2l= 712 2E & x € X of tffsf,
x 9] oj® gl ZHF UZF EXf5le] F|y 7} constant sheaf2l isomorphice mjE 2Fgict.

9 3.11 (Constant Functions Presheaf). X = Roj tf5f], presheaf F & TF32F Zro]3 g }:
FU)={f:U—=R| [ is constant}

oA7IA U RO FERELeJLct o] FE sheaf’} oFdUrCE o9& 59, Uy = (-2,-1)7}
Us = (1,2)94 212} o2 drgls 2= 2rES U U U FAo)A FoJE 51to] constant
function© 2 "glue"eF 5~ §l7] mjE ]t

o] constant functions presheaf?] sheafification-2 constant sheaf’} E1Ut}. o] & Cetal ShHH:

C(U)=A{f:U—R| fis locally constant}

0] sheaf C+= locally constant function5-& R5F X 361H, globally A 9]H Al4-gh- LSS
Ytt ol St 2 B E QAT APy

T} Slo A= ¢ elo= th2 £29] locally constant sheaf7} ZA|FH T o5 & JHL
global sectionS 7}Z| 2] &5t}

o] 3.12 (Locally Constant Sheaf on S without Global Sections). S'-& [0,1]9] oF 2L £
RloF 3L7F0 2 AWZFSFAICE. Locally constant sheaf L2 TR} Zho] Zo]gki]ct:

o 2} FEl27t (a,b) C [0,1]9] Hfal, L((a,b)) =R
o 0 <a<b<1¥ O, restriction mapL FSAY LT
e 0€ (a,b)¥ o, (0,b)ofA] (a,1)Z 2] restriction map2 x — —x Y]}

o] sheaf L& locally constantO] X]BF, global sections Z[X|X] g5l [0,1]5 oF HFF &H o=
arel S} v wE et

o]3fgt @ATo] WAISHE ol glucing mapd th2A] 9, Radomt YRS Aol
ot QY 4 g Tt BEoIA7] gEdy
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WA 3.13. X7} thes HFE 271 o, X 2]9] B.E |ocally constant sheafi= constant sheaf2f
FF9}

ol T AZH Il BEE glueing mapo] FFAMI T Zopof tth= AR A H
F=EUct webA R e F7ko A= BLE locally constant sheaf”’} constant sheaf®} ‘58 o]
et

Localy constat sheavests t4-2 U345, Sl471515F, el TAL 5 Tt ool
A F2% AL gy 53], 0|52 local systemsgtile EE]U;L aXog YA FIXE
Ao 04730}_1—_ ah S Al e
3.7 Sheaf9] X9} 24
Sheati= Thofat 45} Ropol 4 Zad 43L Fuich B 744 oA E Am gk
o 3.14 (Differentiable functions®] sheaf). BJE7FsCIFR] M Lo A], zF el F] e Uoj tjsf

U SlolA FojEl ol 2o s sk eAll sheafS 223 5 Yglth. of sheafis
0 2o]315tol A F8 S22 ghicHHarTl)

9] 3.15 (Holomorphic functions®] sheaf). ZALCFQFA X oAl zF el Uoj fiaf U Lo
A 2] = holomorphic g+E2 Hols o 0/‘777— sheaf Ox & 12{eh = YFHT O] sheafi=
B T]5haro] 7). th A9 CHHar T,

9] 3.16 (Constant sheaf). 2J2F3-7] XSZI- HeF (E= group, ring &) Adj Hisl, 2= YU
o tfsf F(U) = A2 7 O]E= sheafE constant sheaf2lal gich. o= 713F thaoF G Ef Q] sheaf
o] L] CHESU).

oleigt shealS-S 2120] 45} HopolA] Fa8 4TS 510, ol 5] cohomology® AL
24 g 371l Z15KA, SIAPA AL olshd 4 Q& Uth

o17] A sheaf theory] B 7}2] S8 g0l A=HlsHH-
X

A 9] 3.17 (Section). Presheaf F2} &l FeU C X o tfjsf, F(U)Q] {45 FL U Q9] section

olatz gLt
A 9] 3.18 (Stalk). & x € X ofJ4]Q] F 9 stalk-S t}-=1} gro] o E1]c}:

Fr = lig F(U)
Usz

of 7] 4] lim<2 colimit (H= direct limit)& e O]
Stalk2 A z FHO FA4AZA AHE BT IS} o= presheafo] =A% A& o|f|5t=
Y 2 %)L CHIvRd),
3.9 Sheaf Morphisms
Sheaves Ato] o] BAE olsl5}7] #15f, sheaf morphism®] 7'g-& =dgtct.

A 9] 3.19 (Sheaf Morphism). = sheaves F2F G AFo] 9] morphism ¢ : F — G= ZF el gl U
et B4 ou  F(U) — G(U) 9] F7HO2, BEV C U] thafl TS diagrame] commutegl Tk
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Sheaf morphisms+= sheaves?] category S A 2|5t+= d] AHEEH Y THKS05].

3.10 Conclusion

o] ol Al 92|+ presheaf?} sheafo] o5 AHHI5UT. o] 7S local-to-global Y&
Aot B@ste £t £7E, thofRt £8 Ropo 4 Fagt OﬂﬁeL% @qq

Sheaf theoryi= 23] F42¢l o] 20] obd U} ofi= Bt 5814 L2 o] 35}y
+ A9 =AU 59] B4 7lskehA ti4f2 oE o, sheaf theory— TAA AR
dH = Hghsh= A A ‘%“%’3% Alsgyet.

thS Aol A= sheafo]] ot thofSt operationsS Am H 11, o] S50] o]@ 7| sheaf?] FZ2} A
A& AFchs ol AR E=A] dotR s YT

o HII
18 1%
ok

OH

—
o4

¢

H
O
=]

s
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Chapter 4

Sheaf Operations

4.1 Introduction

|4 2] presheaf®} sheafo] 7|2 7|38 Am H kU o]¥ Ao A= sheafS A}
) USRS, ool oA shat) J2ef § Sk o s
dotR ZFUrth o]2|gh A4tE-2 sheaf theory & TS FH-ot1L ?. T2 grEolF YT

4.2 Direct Image
H2 continuous map©]| Tt direct imageS A H Z)<5 1t

A 9] 4.1 (Direct Image). f: X — Y& continuous map©]2F 5f1l, F& X £/ sheafetil gFAT].
F O] direct image foF=Y 99| sheafZ, tl22F Zro] o]t

(feF)(U) = F(fHU)) for open U C Y

of 7] A restriction maps+= F Q] restriction mapsZ2FE] AFAAH A Q= E ]l

Direct image= X $]¢] JEHE Y 9|2 "HojY=" 9&-& Ut} o= f& Foll X X E
Yol §tgot= HH S Al

o 4.2 (Constant Sheaf®] Direct Image). f : X — Y& continuous mapo|2} 5}1, Ax&
21©] constant sheafe}xl HAIC}. o f, Ax% YurH oz Y 7/]'77 constant sheaf7} ofd L Ct.
W, 2hy € Yol o (fudy), = AU 0 ek o714 m(f () f(y) o] HE GRS
Z7o7—071,]];,7—

o &

4.3 Inverse Image
Direct image®] Wt 7§ © & inverse image”’} 15Ut}
A 9] 4.3 (Inverse Image). f: X — Y& continuous map©]2f 5f1l, GEY £/ 9] sheaf2til GFAT].
G o] inverse image f~1GE= X 99] sheafZ, TS presheafQ] sheafification @ 2 % o] F1]c}:
U — colimy 5 ¢y G(V) for open U C X

Inverse imagel= ¥ 919] AR S X 912 "gALL" A4S gtk ol S5 Fel Yol &
Xof whedshs WS Alggy .

i

9] 4.4 (Constant Sheaf®] Inverse Image). f : X — Y& continuous map©|2} 5}1l, Ay EY Q9]
constant sheaf2l SFAICE o]af f~1A, = A YU} =, constant sheafQ] inverse imagei= CFA]
constant sheaf”} E1]Cl.

31
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4.4 Tensor Product of Sheaves
Sheaves Ate] 9] tensor product= 42 25 Aest= WS A5yt

A9l 4.5 (Tensor Product of Sheaves). F2F G& X ]9 sheaves of rings (¥E+= modules)2}1?
FAICE F 2l GO tensor product F ® G+= Tl presheaf9] sheafification © 2 7O HLc}:
U FU)®G(U) for open U C X

Tensor product’= & sheaf®] RS Agal WHe AU ol S8 4715504
Fag dge gy

9] 4.6 (Line Bundles®] Tensor Product). X-& smooth manifoldefxl 5}11, LI} M-S X 9]9] line
bundles] sheaves of sectionso]2f1l Ak o]mf L @ M-E A 22 line bundle L @ M 2] sheaf of
sectionso] EHilC}.

4.5 Hom Sheaf
Hom sheaf= % sheaf A}0]9] "=4A 2] morphisms"-S Hol=2 Z Yt}
A9l 4.7 (Hom Sheaf). FoF G& X 9] sheaveselal AT Hom sheaf HUJ(F,G)+= tF=1F
7ol GGt
HWY(F,G)(U) = Hom(F|u,Glu) for open U C X
o 7] Al LEX2°] Hom:> U €] sheaf morphismso] FelS LrerH Lo,

Hom sheafi= 5 sheaf Alo]o] WA E A& o2 AFTE 4= 1A slEUHH. o= 579] sheaf
cohomology S A Jot= d] 45 92 syt

o 4.8 (Endomorphism Sheaf). F& X 9/9] locally free sheaf2fil QFAICt. olu E\[(F) :=
HW(F, F)= FO endomorphism sheafefil Bl ZF FoJA] o] sheaf9] stalk-2 FE tf=7F
o)t
4.6 Pullback and Pushforward
Pullback¥} pushforward+ direct image®} inverse image2] AHIS}= o g Yt
A9l 4.9 (Pullback). f: X — Y& continuous map©|2} 513, GE Y 99 Oy-moduleo]2F1!
SHAIT}. Gl pullback G- o3 go] ol FLITh:

G =f"G@p 10, Ox

Pullback2 Y #19] tj4 F2&5 X 912 7HH s WHe AT

ol

Yrt.

A9l 4.10 (Pushforward). f : X — Y& continuous map©|2} s}, F& X 29 Ox-module
olgl1l gFX|ct. F 9O pushforward fiF+ fo FE Oy-module2 7FHFSF Z ]k

Pushforward= X €] 42 122 YV 97 HUl= HhH-e AzZshyc}.

o

o 4.11 (Vector Bundle®] Pullback). f: X — Y& smooth mapo|2} o}3l, EEY 92| vector
bundleo]2F1l Al E 9] sheaf of sectionsE EF11 e o, f*EE pullback bundle f*E 2] sheaf
of sectionsZ| E L C}.
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4.7 Kernel and Cokernel
Kernel?} cokernel-2 sheaf morphism®] A HE T 2Fst= == Qo Qi)
ITF. 2 kernel ker ¢= tf-5-27F Zo]

N

A 9] 4.12 (Kernel). ¢ : F — GE sheaf morphismo|2}1l &F
Yol = F O subsheaf L of:

(kerp)(U) ={s € F(U) | pu(s) =0} for open U C X
9] 4.13 (Cokernel). ¢ : F — GE sheaf morphismO]2F11 AL ¢ 9] cokernel cokerg= TS

presheafQ] sheafification J L] C}:
U~ GWU)/ou(FU)) for open U C X

Kernel#} cokernel sheaf morphism®| "4 8H4"g 245k o AHEFUTE 0[SL sheaf
cohomology S A 2J5t= ¢ Q35 A2 sttt

o] 4.14 (Exponential Sequence). X & complex manifold2}1l 5}1, O x & holomorphic functions
9] sheaf, O% & nowhere vanishing holomorphic functions2] sheafe}il QFAJT}. oJujl TFS sequence
7} exacteFct:

O—>ZX—>(9X3)3>(’)* —1

of 7] A A ¥14] map-E inclusiono] 12, = Y1&] map-E exponential function YL TF. ©] sequence
9] exactness+= ker(exp) = Zy 2} coker(exp) = 1S5 oJojgr ).

4.8 Derived Functors

tok

Derived functors:= sheaf operations& derived category2] Mgt o g skakshct, o]|= E26H oj

S 222 0l d B 489 rdU

A 9] 4.15 (Right Derived Functor). F : A — BE left exact functorgfil gFAICE (AL} B= abelian
categories). F 9] right derived functors R'F : A — B (i > 0)= th2x} Zro] o]}

A € A9 thq]] injective resolutionS HgUrk: 0 - A — 10 — [V — 1> — ... 781
RIF(A) = Hi(F(1*) 2 o2t}

Derived functorst= E35] sheaf cohomology & % 2]5}= ¢| FQ35 93-S

e

Yrt.

o] 4.16 (Sheaf Cohomology). X 9]9] sheaf F o th&f, sheaf cohomology HZ(X, F)& of52f goj
gojge:

H'(X,F)=RT(X,F)

of 7] 4] T'(X, —)+= global sections functor @] cl.

4.9 Conclusion

o] #of| A ©a]= t}oFst sheaf operationsS “’Jﬂi 21 t}t. o] 23t operations+= sheaf theory2]

AATE o], ST o FAE et o B hrE AR

Direct image2} inverse image= <5 01——’;3_ %oﬁ sheaf?] A HE Adsl= vb-8 A 33}
Tensor product®} Hom sheafi= sheaves A}o|2] t-2 THAIS ASLsH= o /K]- 1/]1:]- Kernel
3} cokernel-2 sheaf morphism®] ASHHS =A 5= =YYt vpx]2o 2 | derived functors—=
olela AESL o Uikl mete 2 sgh,
]2/t operationsE o]o}alaL BEIE AL sheaf theoryE A7) BAol H a1t o ALH

2yt
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Chapter 5

Sheaf Cohomology9] 7| =%

5.1 A&: Cohomology9] 2|37 o]3]
Cohomology+= 4=8t9] of 2] Hofo| A F835 IS o= 7/HdJUtt. o] Fo A= cohomology 2]
7] oto]tjo] & A K 11, E35] sheaf cohomologyo] thsl| Z}A|5] GotR 215Ut [KS90].
5.1.1 Az Aast dojd Az
Q7o AR Y2 FA| F 7R 2 U 5 AU Th AlZEA Q] Axt qdojA el
o

ALE Bl et A she A F2 Axo] Hast Jueytt 1 Fof
dlo el mokat 27y e,

Figure 5.1: A2+ At

kl
1o
re,
2
2
>
kl
lo,
o
fol
2
oo

5.2 Euler EA49} Betti 4~

5.2.1 Euler EA4

Euler 442 £99] 4, 41, o] 22 tala M gt SgAE, o] 4= wde A=t
2olx) ok @ WakA] Tt

x=V-FE+F
oA71M Ve HAH(RA) Y 4, Be EAE(A)9 4, Fe 19 Ayt
o 5.1 (=AY Euler E44). F5HA= 8719 A, 127]9] 2A2], 6712 HE 7k
of. mrepA] Buler B4

Xx=8-12+6=2

o= 79 Euler 5-g2F &1

35
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Figure 5.2: S HA 2} 112 Euler EAS

5.2.2 Betti 4

Aot T o gk 03 Betti Sk 029 199 45

B\
rr

Betti i F709] "7

LR Yo
o 5.2 (L9t EF A0 Betti 42). o Z(sphere):
— Bo=1(dE G£): 7= sl ddH FYr}).
= f1=0 (12 F9): 7 919 BE wRH0L 5 TFs.
— Bo=1 (22F FH): = o] exp PR (W F7H)E I Y o
o EFA(torus):

- By=1 (98 Y8): EHAE she dFE FUYH

~ =2 (1348] 7)) ESA Slof= AL FYF £5 B 20| g
o (B B o W),

— =1 (2348] 1Y) EAAE shpe] 23] P (R F2HE AP

oGt Betti 4+ 2} F7H] 943 E5E & LpepdL

5.3 Homology2} Cohomology?] A

Homology} cohomology'= A= WY Talo] Ae, OFZF the TAOIH Be] EHL A7

e,

5.3.1 Homology: 142 S&A7]

Homologyls "7 S84 2" A7 n2bd YL $527Ms e nt e A2 B4

gt} [Hat02).

1-dimensional homology 2-dimensional homology

Figure 5.3: Homology: %2 E&{&= cycles
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5.3.2 Cohomology: +9-& #55}7]

Cohomology= FH2 "THESH=" flowsH} fields=2 AUt o] "flows"+= 1 wZo] I 4
g4It [BT13|.

o 5.3 (2] Cohomology). & S'& AZIef-HAIC}. 1-form da ©& AP (&, d(dz) =0), F
2opx] gt (oW g4 foll thal] du = df 7 8 = Q& ). o Hip(S') = RS oujafw],
o] shpe] "2y g FpX3L Yrke A Ew) AR

5.4 Free Abelian Group? T ¢

Free Abelian Group< EO] sHA H Ard AR olf= 2 A, A
P}, A Fol, 4& SRt 2198 7 A wol szt Fuch. o
oz AJofof 7t a7

°1| 5.4 (Free Abelian Group®] AMg). 21 9] A ¥i& a, b, cefal PATE o] &2 BreFS o,
AZFd o] AAl=a+b+c FxE —a—b—c2 FEIY £ &Yl o]= Free Abelian Group2]

D-IO

/RO?L,IE,L

8A:aa+b+c

Figure 5.4: 47V A A 9] Free Abelian Group &

5.5 De Rham Cohomology®} Singular Cohomology

De Rham cohomology?} Singular cohomology+— A2 25t B o] Ql&L . n|EgAle 8
< o &5 F= 5ot Z5Y o= Singular Homology @] chaino]| & tf-3A|7]= A=t

AR o

59

De Rham Cohomology) «— ( Singular Cohomology

Figure 5.5: De Rham Cohomology®} Singular Cohomology 2] ¢4

o] 5.5 (Y2] De Rham IS =2X]9} Singular Z5222]). & Stof ffsf:
e De Rham ZZEZX]: H)p(S') 2R, Hip(S') =R
o Singular ZoE2Zx]: HO(SLR) 2R, HY(SL;R) =2 R

7 o] 2o] gre AWE AFHL & 4 T
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5.6 Chain Complex?} Cohomology
CohomologyE A 2|5t7] 9all, WA chain complex?] 7H-2 T dafoF &t

9] 5.6 (Chain Complex). Chain complexr— A<= abelian groups2} 1& AFo]2] homomor-
phisms®] &

dp+1 dn dp—1

o 7]4] Q2 5F HEL dy odpi1 =0 (&, Im(dnt1) C ker(d,)) Yot
017 cohomologyE oI 4 Q4T
A 9] 5.7 (Cohomology). Chain complexo]] s}, n 14| cohomology group> CFS-1F Zro] 25
e
H"™ = ker(d")/Im(d" 1)
o 7] A d*-& cochain complexof]A] 2] B]E ¢I2FxFQJL]CF.

5.7 SheafQ] " QA: Local-Global &4

De Rham cohomologyE olss@A] el Zagh 24l A@Fc. o= Poincars B 24 )
(lomma)2} o] Q& ch

e 5.8 (Poincaré¢ E2A 7). HE &9l F4](closed form)S =42 0 2 (locally) g2 FA] (exact
form) L]

ofN o
o

5.9 (F2:9} Aol Hol). FHloA F (0,02 A T2 B2\ {(0,0)} A2 EAILE. o]

ol &

—ydz + xdy
w=——F—"
x? + y?
= JAFeg ga] QUREHZ, dw = 0) ol ghayrl. 2e8{uf o] F7ke] ofH 2e HEl
HeFNAE wi gl

olEe @A FAHY PRE AGH FHE "ol RN A HI} 4D 5
91:8-& HolF LT o 510] L2 sheaf theory7} A o] &It

5.7.1 Sheafificationi} Cohomology

Sheafification® F429l FRE A0l R s DAL o] o)A Az A
Z H (global section)o] A4 4= Q1 0, o]Z1o] HFZE cohomology 2] A A A} (generator) 7} S Y T}

o] 5.10 (Sheafificationo]|A]¢] A 2-& Global Section). R?\ {(0,0)} 9JofA] FHoJ=E zF& ok 0
£ YIHEAIL. o] Gl FoH 02 L 2 HYFAE, AH] FLUNHE B (single-valucd) 7
7F oFd U tt. Sheafification ¥gS& X H, o] w42 YOJEo] "Eo] A" A 22 [ X HHS
prEol YL}, o] 22 who] vl HY(R?\ {(0,0)},R)<] AH-G2F7} Hrh.

o] g]5t A Al sheaf cohomology= TH=d] QAFE7EO] "L "S Z=A st Zo] ofa}, =
24 s Aol AR Aolo] Aolg Aot w ek 2 4 gt

o]2{Qt o]+ =, sheaf theory®} sheaf cohomology= @t el A wll-¢- Fa et =77} 35
Utk olE-& ta7Iotet, BaalAet, ekt 5 theret Bobel A aluel d3g gt
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Sheafification

Figure 5.6: Sheafification®] 7]|'g

5.8 De Rham Cohomology

De Rham cohomology+= 0]-23 A& o]85}0] & 2 E &= cohomology o|2U YTt [BT13].
A 9] 5.11 (De Rham Cohomology). Smooth manifold M of] tf&fl, de Rham cohomology HgR(M)
= ohem go] HolEc:

_ {closed k-forms}
-~ {exact k-forms}

of 7] A] closed k-form-2 dw = 0F BFEZ5}E= k-formo]1l, exact k-form-S o]® (k — 1)-form n
off giol w = dn<l FES] k-formJL]r}.
o] 5.12 (F£H2] De Rham Cohomology). 22}l 28 S2of fjsf:

Hgp(S®) =R, Hyp(S%) =0, Hip(S*) =R

ol FHlo] AFxo] Y (H° = R), 124 7+ gloo] (H' = 0), 22kl "R F7S
e} (H2 = R )= 2k} A

Al A

o HY:(5?): &k gFE9] closed 0-formso]H], 0]5-2 exactZ} ofd LT},

o H1,(5%): BE closed 1-form:2 exact LT} (T 124 mf2).

oK
o H2,(5%): W& F2] w=sin0df A dp= closedo] AT} exact’} oFd L }.

Hip(M)

L

5.9 Sheaf Cohomology

ol

Sheaf cohomology+= sheaf theory o] ¥+ o] A cohomologyE g o]ttt o]= t dutAQl F7tat
2] 8] cohomology S 3018 4 917 Sz Ich [KS90]
49| 5.13 (Sheaf Cohomology). /&&7F X 219 sheaf F ol tjofl, F& Al+2 k= X o] iHA
sheaf cohomology= Th57F Zro] g o]H )
H(X,F)= RT(X,F)
o] 7] 4] T(X, — )&= global section functoro]i, R'T'E= 19] i ¥1&] right derived functor QL] C}.
9| 5.14 (Constant Sheaf®] Sheaf Cohomology). X7} "&2" QJAFE7H: CW complex)o]Z R
o] X 9]9] constant sheaf¥ ufj: ' ,
H'(X,R) = H'(X;R)
of 7] 4 @ EZL X O] singular cohomology L CF.
& Eof, ¢ Stof sy
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o HY(S'R)=R (92 42)
o H'(SR) =R (12H] ")
o HI(SL,R) =0 fori>?2

o] sheaf cohomology”} 7]&2] cohomology ©]-Z2 YHFslelS Hoj=1]C]

5.10 Poincaré Duality

Poincaré duality+= manifold 2] homology 2} cohomology Ate] 9] Z1-2 WAIE LtebH Y} [Hat02).
Ad 5.15 (Poincaré Duality). M o] nx}F2l compact, oriented manifold¥ o, 2E koj tffs] tf-<
5} 22 Fo] YT
HE(M) 2 Hy (M)

o 5.16 (3L FHE] Poincaré Duality). 32F 729 S3of 5]

o HO(S3) = H3(S3) =R (H vs A 317F)

o HY(SY) % Hy(S%) =0 (138 7 518 vs 2318 surfuce 518)

o H2(S?) = Hy(S) = 0 (22h2] 7 92 vs 13€] loop $12)

o HY(S) = Hy(S%) =R (53] 4] v

&

2 98

5.11 Grothendieck?] Six Operations

Sheaf cohomology & © Zl o] o|dl|al7] $3l], Grothendieck?] six operationsE 7Fds] A7l5H3)
Ut} [KS05)]. o]+= sheaves?} 15 9] cohomologyE THF+= 7489 =YYt}

Six operationsi= TF-&3} Z+5Uth: 1. Direct image: f. 2. Inverse image: f~! 3. Proper direct
image: fi 4. Exceptional inverse image: f' 5. Tensor product: ® 6. Internal Hom: Hom

o] operations | ZbAIet AJEI} PA = 6F LA o Zo] & At

>

5.12 Spectral Sequences

Spectral sequencest= E%St cohomological AAHS T<=dtol= 732 $E 1A Yt [McCOll. ¢7]
A 712 ETr ieks] ARk, ApAIRE W82 6ol A ohERlS YT

A 9] 5.17 (Spectral Sequence). Spectral sequence= C}-S-F Z-2 tjo]El o] FgF¢lLct:
o Z}r > 09] o3, bigraded objectsQ] family {EX}, jen
e Differentials d, : EP'? — Efnﬂ_r’q_rﬂ, drod, =0
e Isomorphisms E, = H(EP?)

Spectral sequences®] T4 Q1 A AL} AL 2 6 A AHA5] THE oA AU
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5.13 Derived Categories

Derived categories== homological algebras ¢ AFAAHA th& 4= I A 5= 72
SO, 471 912 A e, A% U o8 1ol 8 AT

A 9] 5.18 (Derived Category). Abelian category A2Q] derived category D(A)+= cFS3} Zro] -
SR

e Objects: A2] complexes
e Morphisms: Chain maps9] localization (quasi-isomorphismsE isomorphismszZ TFa

Derived categories®] 741291 427 62 62LA o 24| A AYuict

514 4=
o] ol 2= thai 22 F8 MEEe AnEdsUth:
e Homology2} cohomology @] 32 o]}
e Chain complex@} cohomology 2] 4 2]
e De Rham cohomology?} T1 o A|
e Sheaf®] T Q A3} local-global &4
e Sheaf cohomology 2] A 2]e} EA
e Poincaré duality
e Grothendieck?] six operations (7] A7H)
e Spectral sequences®} 1 58 (7]E &
e Derived categories®] 7|2 7i'gd (7] A7)
ol MEE2 Al ot of 2] ‘Zofol A A QN S F ot
V=t ml27lstel ol FastAl AHHUT. Sheaf theoryS &
W2 An Aolo] BAE o 70| oldfet 5 A HJhov, o= BEHG 4514 T2E BAGE

o] 785t T2 23T}
T’/‘r—"'— 1*01]*1L 01310} MEE= H 7‘°] UA Ftskar, AA QD ALt A 3-8l sl
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Chapter 6

Cech Cohomology$®} Derived Functors

6.1 A=

o] 7 Zoll Al -2 sheaf cohomology®] 712 /W& AmEokHUTt o oA sheaf co-
homology & A4tst= 744 Q1 WH F 5Fhl Cech cohomologyE 475k, o] & o|sfistE
I @35t derived functors?] 7J@2 ttE AUt Tt oA oA 1FH5] A7) spectral se-
quences, derived categories, six operations 5l thdl] B ZpA|5] Lot 5}

6.2 Cech Cohomology9] %7]

5t o] | uk, AR &2 AAel7)E o] g€ 4 941t} Cech cohomology

Sheaf cohomology+= 73215t
o 47 gteL 8L 423} [BT13].

ol Aste

89 6.1 (éeCh Complex). 37F X 219] sheaf F2F open cover U = {U;} ol tjsf, Cech
compleais TS} Zro] o H]r}:

=[[Fw
c'u,F) =] rwinuy)
1<J
c*wu,F)= [] FOinU;n)
1<j<k

bz oz: CPU, F) = [ly<..csy F(Uig N+ N U;,)
o] complex®] cohomology”} BF& Cech cohomology Ut}
A 9] 6.2 (Cech Cohomology). Cech cohomologyi= THSI} ZFo] o] E L]}

ker(d : CP(U, F) — CPTL(U, F))
im(d : CP=1(U, F) — CP(U, F))

HP (U, F) =

o714 di= Cech differential Q1] C}.

Cech cohomology®] 8 AL AAato] Aoz 4
$-2]7} Yol+= sheaf Cohomologyi} 7oz ydr o] =rjo| I Qo q.

)
rlr
N
°
<
T
I
ki
T
o,
N
o,
1
é
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6.3 Derived Functors

Derived functors®= A2}6}2] &2 functorsE "4A"ol= WS A3 Yt} o]= homological

algebra®] A4 =7 % StRQIUH (2],
A 9] 6.3 (Right Derived Functor). Left exact functor F : A — B (A2} B+= abelian categories)
of jsll, 19] right derived functors R'F : A — B (i > 0)&= of-21} Zro] o g}

A € A9 gldfl injective resolutionS F gt

05 AT 512

220 RF(A) = H(F(1*) 2 Sejghict

Derived functors®] 9 EA-L2 th27 54k

e ROF = F, Z 0¥4] derived functor= L&l 9] functore} Z<51th.

e Short exact sequence 0 — A — B — C — 09]] o3} long exact sequences YAt

0 — F(A) - F(B) = F(C) = R'F(A) — R'F(B) — R'F(C) — R*F(A) — - --

e Injective object || tjsf R'F(I) = 0 for i > 0t}

6.4 Sheaf Cohomology via Derived Functors
o]A| 22|+ sheaf cohomologyE- derived functors®] oA A olet &= Q<5Yrt} [Har7d].
A 9] 6.4 (Sheaf Cohomology). HF&7FH X £]9] sheaf F ol tfa:
H'(X,F) = RT(X,F)
of 7] 4] T'(X, —)+= global section functor @] C}l.
o] ol ufe Z2AH o2 Kol 4 Qv the ZHe =gk AL sk
o H)(X,F)=T(X,F), Z 0814 cohomology+= global sections$]t}.

e Short exact bequence of sheaves 0 — F' — F — F" — 0°] tj3]| long exact sequence in
cohomology & ¥54tt.

e Injective sheaf Zof tjsl] H(X,T) = 0 for i > 0t}

6.5 Cech Cohomology$} Sheaf Cohomology 9] T/

Cech cohomology®} sheaf cohomology= Wt & o] 9l&Uch EA 27 stof|A] o] 52 5o

ghict [BTT3)
A 6.5. X7F paracompacto]l F7F X 9]O] sheafd wf, SE23] finedF open cover U] T]5]:
HP(U,F)= HP(X,F)
o el TheTt B 2o BaUT
e Cech cohomologyE =3 sheaf cohomology2 AAFEr 2= 917 &t}

o A ALtoll A wl-¢ F-EFU
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o Sheaf cohomology®] 5412 A 2|9} Cech cohomology®] A2 AAF Ato]9] tha] ehe
e
o 6.6 (Y2] Cech Cohomology). S*& trejeloz FE S 99] constant sheaf R2}1 GHAJCF.
S1& = 709 open arc U2} Uy 2 B open cover UE &g}
Cech complex:

0— COU, F) L U, F) = 0
o] 7] 4]
o« O'U,F)=F(lh)® F(Us) 2R&R
o CYU,F)=FU NU) 2RBR (= 7J2] A2 HE)
o d:C'U,F) — C U, F)E (a,b) = (a—bb—a) 2 Fo] Y]],
mFEfA]
e HYU,F) = ker(d) =R
o HY(U,F)=C U, F)/Im(d) =R
o] H(S',R) =R, H'(S",R) = R} Y=g r].

6.6 Spectral Sequences

Spectral sequencest= 223 cohomological Al4HS ©<&35ol= 7HE e EAdy ot [McColl.
A9 6.7 (Spectral Sequence). Spectral sequence= CFS-1F 22 HJo]E] 9] eIt
o Z}r > 09 5], bigraded objects2] family {EY}, sez
e Differentials d, : EX'? — EPTaH g o d, =0
o Isomorphisms EPY, = H(EP)
Spectral sequences+= th23} 7S HEAl O 22 AR =]}
o EZI3F cohomology A4S o8 BAE syt
o 7} AOA differentiale A4Tokal, 1 AYE thz A9 8oz AREY
e o] L WHEso] HFHOE A= cohomology groupel 4 AT
Y
2

Spectral sequences+= 2335t cohomological AAHS o] ©AZ Lo
Ut} o]= E3] fibrationo| W filtrationo] Q)= Ardtof|A §-89H )

o] 6.8 (Leray-Serre Spectral Sequence). Fiber bundle F — E — B tfjsfl, Leray-Serre spectral
sequence~ Cl-S7} Zr&1Ut:

=

g 4 A slss

B} = HY(BiHI(F)) = H"*(E)

o 7| 4] H1(F)+<= fiber F 2] ¢4 cohomologyE AlT2Z o= B 99| local system LT}

o] spectral sequenceE AF&SFH, base space B2} fiber F 2] cohomology 3 E 22 E] total space
E 9] cohomologyE AP = Y5t

Spectral sequences+~= E St derived functors AFo] Q] WA E o|5|5l= ¢l = -G-8t}

9 6.9 (Grothendieck Spectral Sequence). Functors F : A — B2} G : B — C7F FolHES O,
E7 24 slofJA] th&aF 22 spectral sequenceZF ZA gL C}:

EM = (RPF)(R'G) = RPT(F o G)

o] o1 functorQ] derived functorE ZF functorQ] derived functorszZ HFE e o~ A sfl=1]c}.
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6.7 Derived Categories

Derived categories~= homological algebraE t AAAAHA| t}& 4 A sflF= 74E s =AYt
[KS05].

9] 6.10 (Derived Category). Abelian category A2Q] derived category D(A)+&= Cf&3} Zo] 4
pEA

o Objects: A2] complexes

e Morphisms: Chain maps2] localization (quasi-isomorphismsE isomorphismsZ THg)
Derived category®] 9 EA-2 t}21 5tk

e Complex& AFo]9] quasi-isomorphism2 AFAAHA| th& 4 Q5Y T

e Derived functorsE © AFAAHA H oS 4~ 35U}

e Triangulated category®] #+Z& 7F Yt}

9 6.11 (Derived Category©]| 4 2] Cohomology). 28l A® 2] i %] cohomology+= derived cate-
goryoll A ohsaF Zo] EEH ok

H'(A®) = Hompa)(k, A*[i])
A7 A k= el category AS] 9] AU} [i|l= iTFF9] shiftE YEFY U ok

6.8 Grothendieck’s Six Operations

Derived categories2] U“a'oﬂkl sheavesE ZFZol= 7389 72 A& % "Grothendieck 9] six
operations" T 7HA5] "six operations"= th23} <5

o f.: Direct image

e f*: Inverse image

e fi: Proper direct image (%= Direct image with compact support)

e f': Exceptional inverse image

e — @ —: Derived tensor product

e RHom(—,—): Derived internal Hom

015 operations= TS} 22 PAE Yok

o (f*,Rf)% (Rfi, f1) 247t adjoint pairs JFHch

o ®L'7} RHomXE adjoint pair®]Uth.

e Verdier duality+= ©] operationsE Ato]9] 7.2 A E YR
9 6.12 (Proper Base Change Theorem). CfS-2} ZH2 cartesian diagram©o] QITFil 7} SFAICF:

!
X/ N Y/

-~ r

q 9

X —Y
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Proper base change theorem-2 TS} ZHS isomorphismo] Ex[eFS 2rgli]ct:

g*Rf* f/ I£3

o] el fiber2] cohomology7]— base o] Hslo] ufa} o] WA Hal=x]E o]alsl= o £ 8]
o] f7]- proper map U,H /(-73707-1/]1;,1-

6.9 d=
o) oA L The T 2L Fa YIS
e Cech cohomology?} 1 AAF HFH

tlo

EEED LS

Derived functors@} 715 9] sheaf cohomology & % 2]5= ®'H

Cech cohomology®} sheaf cohomology @] THA|

Spectral sequences®} 71 S-&

Derived categories?] A3} 7]\g

e Grothendieck ] six operations®} 1= Afo] o] A

olelgt EPEE Al thgrlskeh, 4 SIAGel Teln el 2 st 5 thakst Roelq
ZaspA AGEU 53] oS B3t Z|skekd thge] 222 ofslsta BAsH | W4A

k.
i=]

b Aol oleld AEES] H Be S8 Ho] wie] o] olr AU B3],
constructible sheaves2} perverse sheaves® o

of @iefl ALGEEA A ATt

lo =~
=
jai
filo
P>
=
_?L
i
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Chapter 7

Constructible Sheaves

SEPER ERERE

Constructible sheaves+= singular spacesE A75= ¢ glo] ZEZ 2l thAr S 2| topology 2} alge-
braic geometry Afo]9] 7h=-2 H|9= &2 AUt o] 59 T2 singular spaces®] T o] A
manifolds®] FQ3%F AAES 32517 Yo =UH intersection homology ] HALe} A SH

Ao} gy,
7.1.1 9AA W

Intersection homology®] o]oF7]&= 1970d ] Mark Goresky?} Robert MacPherson©] singular
spaces©]| TSt Poincaré duality S 2746} += Ao A A ZHE Ut 159] 57| Poincaré dual-
ity2} Lefschetz hyperplane theorem} ZH2 algebraic topology 2] W& 1142 Ay}-E 9] singular
varietiesol| K= A HotA] gh=ths A B ZEAFYH

1974, Goresky2} MacPherson+= Poincaré duality S TFE5}= singular spaces?] homology
groupss AoJot= H O R intersection homologyS T 3PG Ut} SHA ofojt]o]= spacef]
singular strata®} "perversity" S0 oJ5f Q1T P HE A O 2 A|oj&]o] WAFSH= cyclesTHS 1l
efsh Zolglau

7.1.2 Intersection Homology¢]|A Sheaf Theory=

Intersection homology 2] %7] % 2]+= combinatorialgt Z o] ATt Z sheaf-theoretic HLo] ¢
7+Es Aolgk= Aol BEsRSULt o]t M-S F &2 singular spacesE A= o 219
local-to-global 2]¢] /o] oJ5f F7|Fol= U5 HTh

1980t %, Pierre Deligne+= intersection homology @] sheaf-theoretic 42]& A5
t}t. o] HZHL Goresky2l MacPhersono] 2J3f 1983 o] A& o7 W] 9l<5Htt Deligne?]
ofo|tol= &4 271Z W=ESt= complex of sheavesE F/d5k= 210|211l ©] complex®] hyper-
cohomology”} intersection homology groups& AAHtch= Zlo| A5t

7.2 Stratifications@} Constructible Sheaves

Constructible sheavesS A 2]6}7] Aof, A stratification®] 7/J¥2 A7lSloF Tt
Aol 7.1 (Stratification). A-FTF X 9] stratifications X o] HEZeFE0] oleF Za X =

Uiso XiZ, ths 245 gk
o ZF X; = X 9 locally closed subsetL]Ct.
°* Xi\X;C Uj<z'Xj

2} Xi & stratumol2f1 F-FU o

49
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o 7.2. X = {(z,y) € R?: wy = 0} qi5f], oS3} Z-2 stratificationS 1128 5= Y&
o Xo={(0,0)} (27)
o« Xi={(2,0):0 £0}U{(0,y) 1y # 0} (AL AIE 55)
o] 4| constructible sheafS A 2|t 4= 9l )
A 9] 7.3 (Constructible Sheaf). X 9] stratification X = \J;'_, X;ofl tid]l, sheaf F 7} constructible

oftlt= AL ZF stratum X; 9Jo)A] F7F locally constant finite rank sheafd wl-& 2rgii]ct.

7.3 Constructible Sheaves?] A3
Constructible sheaves?] 8 A2l

o SolfS 7H FolE Z A ojdyt

o 8 2+ 9] cohomologyE 7H Yt

o W2 7|oteha] Aol A AAAHA FAERYH

e Derived categoryo] A £ A& 7Yt

7.4 Constructible Sheaves?] Derived Category

Derived category= S8 24 F25& tF= 9 o 83 7YYo} Constructible
sheaves 9] derived category+—= £35| Q3 t}.

A 9] 7.4 (Derived Category of Constructible Sheaves). X 2/9] constructible sheaves2] derived
category DY(X) = T}-23} Zo] Felgr]c:

e Objects: X 219] bounded constructible complexes

e Morphisms: Chain maps2] localization (quasi-isomorphisms& isomorphismszZ BFe)
DY(X)o] F8 S7:

e Triangulated category -5 7F{ Yt}

e Verdier duality7} 2 A o] F U},

)
18
o
o
o
Ik
=
4z
o
@]

E
i)

e Six operations (%1 ©]u]7], 94, proper A3 o]u]x], o] ¢]
T AFH

7.5 &9 T AL TF

Constructible sheavest= T}FFGE 4~6F Bofol| A Q5 288 7P Ut}

7.5.1 Intersection Cohomology

A9l 7.5 (Intersection Cohomology). E0]H-S 7} F7F X of s, intersection cohomology
TH*(X)+= X 9] intersection complex ICx 2] hypercohomologyZ 2]}

Al

ftlo
ol

Intersection cohomology+= E0| Z7to]| tjsf] Poincaré duality@} & "E2o" A E

e,
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7.5.2 HEAE
Constructible sheavest= EAZAE F Q5 JS .

o] 7.6 (Springer Resolution). G-&
Springer resolution w N = N
Zlgro 2 Ball=E]c). 0377]/(1W G

Go] vgnRteT P
[dim/\/]l—,_‘— W -9l constructible sheaves2]

7.5.3 Etale Cohomology

tj<=7]5}Fstof| Al constructible sheaves+= étale cohomology ©]=9] 7| %7} Hyt}.

76 AE U IF AT ILE

Constructible sheaves= E0|4-2 712 F7F9] topologyE AF6H= Z&st = Qyrct o5&
P S15] e, o1l o) b chor Befol] £ 66 S8 LI el ferved categons
of constructible sheavest= 0|23t ALE G2 A|AH o2 =& 4= Q1A sigUth.

TF AFHFeEE e 22 FAE0l dsyth
e Mixed Hodge modules ©]21}9] 13-4

e Motivic sheaves o2 HF#]

e /(-adic sheaves®} ~22] 7|5}stof o] &8

e Categorical Khovanov homology -4

522 A5Y A0E gL



52

CHAPTER 7. CONSTRUCTIBLE SHEAVES



Chapter 8

Perverse Sheaves: 9], oA, 181
EX
(o)

8.1 A=

_,4
1
=
2
o2
1o

jul

Perverse sheaves= E-0] 271 =] EWHSE 22 9] sheaf complexd Ut} o] &2 t47]
sk}, BAR, B0l o2 5 t}okat Rool 4] 33 &3 ghit. o] Foll A perverse sheaves
o] Qo) A, oA, 1e]al g-&of tof LotE QST [7].

8.2 H|7A: Triangulated Categories®} t-structures

Perverse sheavesE ©]3|5}7] A= HA] triangulated category®} t-structure®] 7l\g-& o|3|3}

of ghct.

A 9] 8.1 (Triangulated Category). Additive category T 7F TS F+22F 38l& BFES off trian-
gulated category2Fil gFijct:

o X7 EF SXFT : T — T (translation $FRF)
e Distinguished triangles X —Y — Z RN (o714 +—1>—,’3 TE el
. 54 FIE (TRLTRY)S U5
Triangulated category2] &85t o] 2= chain complexes?] derived category”} <51t}
o 8.2. Abelian category A2Q] bounded derived category DP(A)-E triangulated category$ T},

o 71 4] objectsw= AL] bounded complexes©]l, morphisms+ chain maps2] localization(quasi-

isomorphisms& isomorphismsZ THg) LT}

A 9] 8.3 (t-structure). Triangulated category D2J t-structure= full subcategories D=2} D=09]
woz ohe AES UEBL:

e D=U[1] ¢ D=Y, D=°[-1] c D=*
e Homp(X,Y) =0 for X € D", Y € D!

o WE X € Do giaf, X0 — X — XxX=' TL0] distinguished triangleo] Z3 (o]7]A]
XS0 D=0 x>l cpzl)

t-structure®] ZQ A2 171 0] triangulated category QoA "cohomology"2] 7@ A oSt
o A et Adth

93
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8.3 Perversity Function¥} Perverse Sheaves
Perverse sheavesS A 2|6}7] 9]l A= H#| perversity function®] 7J'd-2 o|s}|soF gt

9] 8.4 (Perversity Function). Stratified space X = |J X;ofl thd]], perversity function p= ZF
stratum X, 0]l J4-2 PG i, 0o 2AL WEF:

o p(Xi) < p(X;) if Xi C X;

71 &3] Ag-E]&= perversity functione "middle perversity" 2, p(X;) = %dim X2 A%

Yrt.

oA perverse sheafs g o|T & 5tk

A 9] 8.5 (Perverse Sheaf). 24 gj~r}QFA] X 9]9] bounded constructible complexr F*7F Tl-<
2SS TS o (middle) perverse sheafgfil gi]ck:

o dim suppH'(F*®) < —i for all i

o dim suppH'(DF*) < —i for all i
o] 7] A D= Verdier duality functor LTt

o] o= t-structurel] TH AL o] 4 QG5 YTt Perverse sheaves= EA t-structure
of gt "heart"E P
9] 8.6 (Constant Sheaf on a Smooth Variety). X7} smooth variety©] 1 dim X = n@ off, Cx[n]
2 perverse sheafQJ L CF.

o 8.7 (Skyscraper Sheaf). & x € X o e, skyscraper sheaf C,+= perverse sheafJ L}

8.4 Intersection Complex

Perverse sheaves®] 7} & Q 3t o] & Slut= intersection complex$] U t}.

A 9] 8.8 (Intersection Complex). Irreducible variety X 2F 72| smooth part U] tjjafl, X 9]
intersection complex ICx &= TS XS 9FESH= perverse sheafQJ U CF:

o [Cx|y = Cyldim X]
o dim suppH'(ICx) < —i fori > —dim X
e dim suppH (DICx) < —i for i > —dim X

o] 8.9 (Intersection Complex of a Nodal Curve). X & nodal curve y?> = x?(x + 1) 2k gFA|C}.
X 9] intersection complex ICx+ Cf-22F gro] 4 H 1o}

e Smooth partof A= C[1)2Z &5t
o Nodeo] Afie o] BGg 728 410, o] HolA<] local cohomology= C YL,

8.5 Perverse Sheaves?] A7

Perverse sheaves®] FQ A%
A 8.10. Perverse sheaves2| category Perv(X )+ abelian category k.

Ad] 8.11 (Self-Duality). F*7} perverse sheafo]H, 19] Verdier dual DF® I perverse sheaf$J
cl.
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8.6 Decomposition Theorem

Perverse sheaves®] 7} & Q5 A2 = S5lit= decomposition theorem U th.

A 8.12 (Decomposition Theorem). f : X — Y& proper morphismo|g}xl e off, Rf. ICx =
perverse sheaves®] direct sum© 2 FEoflEL{C}:

Rf.ICx %'@ipﬁﬂi(Rf*ICX)[—i]

o] 7] Al PH' = perverse cohomology functor QL TF.

8.7 Perverse Sheaves2} D-modules

1 O A~
Perverse sheaves:= D-modules®} Z-& #Ho| 9<%

dence®2 &&A Q&5

L

t}. o] A= Riemann-Hilbert correspon-

e 8.13 (Riemann-Hilbert Correspondence). E4 CFQFR] X of] tffs, t}-S-9] equivalenceZF 4]
Ak

Perv(X) = Mod.,(Dx)

of 71 A] Mod,,(Dx )+ regular holonomic D-modules®] category Y LCt.

8.8 A=
o] ollA 2= perverse sheaves?| 7|2 @Y 4, T3 T3t JAlES HHENE
T}. Perverse sheaves'= E0]3-& 7}2 F7H9] topologys A5 ]—T‘:— Fegt Ttoly, tj4=7|5)st,

BEE, S04 o 5 thoka Hobol A Fo 3 Jehe ghict
2 ol M perverse sheavese] H A4Sl -3} At wo] thaf gtobm ALtk
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Chapter 9

Perverse Sheaves: 9|42} S8

9.1 Introduction

o1- AN L perverse sheavess] 714 ES AHBEULE ofl OIAL perverse
sheaves®] ©] Zlo] Q&= oA|<} thoksl 282 dolH 2Lt} E79], intersection cohomology,

= =] —
Decomposition Theorem, 12|31 EH 249 -&of =4S 25Ut [?].

9.2 Perverse Sheaves®] A2 oA

9.2.1 Smooth Case

9] 9.1 (Constant Sheaf on a Smooth Variety). X 7 smooth variety©]1Z dim X = n ¢ o, Cx[n]
£ perverse sheafQUrl o]E ©f XLA]S] 4w H A& ]

o H(Cx[n]) =0 fori# —n
o H"(Cx[n]) = Cx+= n2H XA Fe= 7 U
o Verdier dual: D(Cx[n]) = Cx[n]

o] dJAl= smooth varietyolA] perverse sheaf?} o] @A LJELF=X] Hoj&U o} E3], xl-¢ld]
o2 shift7} =QsF 9k gl
9.2.2 Singular Case

9] 9.2 (Intersection Complex). X & E0]|F-S 717 irreducible variety2fil SFAICE j: U — X &
smooth part2] inclusiono|2}1l e of, X Q] intersection complex ICx = TF=-2F Zro] ol Hc}:
ICx = j1u(Cy[dim X))
ICx o] +8 54

® ICX|U EQU[dimX}
o dim suppH'(ICx) < —i for i > —dim X

o dim suppH (DICx) < —i for i > —dim X

["Ol(
H1
-
2,
)
N

Intersection compleri= Eo]F-S 7} &-7F] topologyE H7-51= o] oj-%
ol Eo]Z Fro] HHE "ZAsIA" AJoJSFHA], smooth parto] FHE XJX{] —é_l
ek

o] 9.3 (Intersection Complex of a Curve with a Node). X & nodeZ 7} HH 4 42 = 2?(x+1)
olgl1l gFX|cl. X 9] intersection complex ICx+= CFoiF 22 EAS 71U CF:

r\l
lo
il
[l
%
o
Ol
=

o7
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e Smooth partol 4: ICx|x\ 0y = Cx\ o3 [1]

e NodeoflAl: H~H(ICx)o = C, HO(ICx)o =0

o] gAlE= Eo]H (node) oA intersection complexZ} o] BA] =2F5l=X2] HojHw1U ol Eo]Fo]
Al HOo] AlepA]i= Ao] BYH Lt

9.3 Nearby and Vanishing Cycles

Nearby cycles®} vanishing cycles+= perverse sheaves®] Wgto| A o2 = Q St 7 d Ut}

9] 9.4 (Nearby and Vanishing Cycles). f : X — C& E5 fj~rfAo 4] o= grafil
SRAICE. o]m nearby cycle functor ¢ 2F vanishing cycle functor ¢y & ol = UG}

o ¥y : D2X) — DY(Xo)
o ¢ : D2(X) — DE(Xo)
o714 Xo = £-1(0) YLk
A=l 9.5. TFF F7L perverse sheafelH, o F2F ¢ F & perverse sheaf¢JL T}

o] A 3= perverse sheaves?] category”} nearby cycles?} vanishing cycles AL Shoj| A 2
155 HojFUrt ol 5oly ol&olA ml¢ Fast Addyrt

AR
o] 9.6 (Nearby and Vanishing Cycles for a Node). f(z,y) = 3? — 22 & AzZFfEA|C}]. o]
21810 nodeE 71 F4& FIFh F = Cx[1] (F8o] 10]22 184 shift)el] A

o i F = YA AT7F 291 skyscraper sheaf Y CF.
o 0 F = YA A7 191 skyscraper sheaf@ LTt

o] A= node 5 O] F Al nearby cycles@F vanishing cyclesZF o] BA] 2F-&5F=X] Hol&H .
Nearby cyclesi= "7[7R2" HE9] HHE, vanishing cycles+= "AFRIX]E=" ZJHE LS ]

]

9.4 Decomposition Theorem

Decomposition theorem2 perverse sheaves o] 29| 7} = Q ot A3} = sty ot

Ad 9.7 (Decomposition Theorem). f : X — Y& proper morphismo]alil e o, Rf.ICx+
27} 0] RaAF T

Rf ICx = @, PH' (Rf.ICx)[—1]

o] 7] 4] PHIE= perverse cohomology functor$] L CF.

o] o] 7|aketA oful:
o B2 5ol o topology® o ©ad 275 Rafat 4 gt

e 7t 27 PHIREICK)E YO 54 REYF 9o] AFH perverse sheafg Ut

e o] Bl X0 75letd Txo] g ARE Y 99| ¥ D@ s Wlght

9 9.8 (Decomposition for a Resolution of Singularities). X 7} node sfL-& ZFF 2401, f
X — X7} 2 E0]H 2] resolutiono]2Fx SFAILF. o] Z-2 decomposition theorem-S CH2T} ZHE
ol & A&l

Rf.C;[1] = ICx & C,

o 7] A] p= node YU T} o] Bl resolutiono] oJsll F7FE Y H (C,)2F ¥al 2412] topology(ICx )
g s AR
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o] 9.9 (Decomposition for a Resolution of Singularities). f: X — X & Eo]F dfsaly & of,
decomposition theorem-2 Cf-27} 212 Boll& A& c}:

Rf.C¢[dim X] = ICx & @, Fi

o714 File X o] Eo]FE ©JoJ4] X Z]E]E perverse sheaves$JL]T}.

9.5 Applications in Representation Theory

Perverse sheavest= E 204 o = Q5 IS gt} £E35] Springer theoryof A
=)

Ad 9.10 (Springer Correspondence). G& 24 oF
AT} of] t2-0] o] AZEITh
Pervg(N') = Rep(W)

of 7] A] Pervg(N)+= G-5H 9l perverse sheaves2| category©]il, Rep(W )+ Weyl group W 2]
HAE9] category L Tt

o 2] 7Iata ol
e Weyl group?] THE2 HIthoFd 92 perverse sheaves2 A ASH 4~ Q5T

oli= T4 T H(Weyl group] @)} 7]5k8H4] Tt (perverse sheaves) Abo] 9] 2
" 38 magud

. o2 B3l EARO| We BASS Jlskehd Wz 2% 4 9 Btk

1<)
o>,

M)
o

<

2, NS Gol B gpea)a

M

716 oy
L_L_L_

o 9.11 (Springer Correspondence for SLy). G = SLo(C) Q] F-2E L& 5F At o]f:
o N & 22} nilpotent FEE=9] Felo 2 Hip gyl =g ji]r)
o Weyl group W = 22F g« Sy JLTh.
e Springer correspondence= CFS-5 A-&gtct:

— S99] trivial & + ICy
- 52—9] sign Hd « ]C{O}

o] qIAE ZFetel -2 A] Springer correspondence’F o] @A) ZFEsF=X] Hojas ol kol
ol tiofAl= o] dl&-o] B &R}
9.6 D-modules and the Riemann-Hilbert Correspondence

Perverse sheaves~—= D-modules 0] 21} Z)-2 o] g5t o] BA = Riemann-Hilbert corre-
spondence® & # ¢J5Lt}.

A7 9.12 (Riemann-Hilbert Correspondence). 24 ff~ClQFA]] X of tffsf], t}S9] equivalence
SF g

Perv(X) = Mod,,(Dx)

o] 7] Al Mod,,,(Dx)+= regular holonomic D-modules@] categoryJLcF.
o] tf-g-2] oJu|e} -Z-&

o n|EHFAA10] G| 9] monodromyE perverse sheavesE E3f 7|6}st4 02 o5& 4= A5
t}.

e %4 Demodule ol29] A7E 94 4How §7 4 Azt
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o o] 53f Sol o]

Yrt.

9] 9.13 (Connection¥} Perverse Sheaf). X 219 flat connection (E, V)9 tjsf, t-&%+= perverse
sheafi= DR(E,V)[dim X| 1]} of7]4] DRE de Rham complexS LFEFHL]CF.

Bl
ral
>

A2, 5715k 5 Chore Hopl A A28 BRE 9 4 9l

)

9 9.14 (Riemann-Hilbert Correspondence for Fuchsian Equation). X = C\ {0} ofJ4] F 2%
Fuchsian HFg 2] x%y =ay 2 D& EAT]

o D-module Z1: o] WAL M =Dx/(zd —a) 2 EF ],

e Perverse sheaf ZH: -8 &= perverse sheafi= Lo[1] YUY TF o7]A4 Lo = monodromy
e2mie 2 7121 rank 1 local system Tk

o] A A& FAA e n 21y A]o] o FA perverse sheafZ oA EHE=X] Hofg L.

9.7 4=
o] AoA $el= thadt 2 F8 MEE2 AnHESYTh
e Perverse sheavesQ] A4 Z 2l oA &

Nearby cycles®} vanishing cycles

e Decomposition theorem¥} 71 7]5}5+H4] ojn]

e Springer correspondences £33+ TH R A9 S-&

e Riemann-Hilbert correspondence?} D-modules@}2] 37|

Perverse sheaves= tf4=7]5}5tH Eo]H o|2, TdE S t}ofsl Rofo]| A 2931 d5HS sh
S

o152 53] S0l HE 747 T topology AT FEAT =18 ATH0, TherRt 43
FEE Aold] 2 ATAS wal

9.8 dA 4+ T Y ZAES
Perverse sheaves 0|22 o] 5] &'ds] 751 Gl FopdUh A9 8 A+ Wk g4
ZAES AT EAEYH

9.8.1 Mixed Hodge Modules

e M. Saito7} 7%t mixed Hodge modules ©]2-& perverse sheaves®] Hodge o] 22 UHI3}
duch.
o dA 971 Mixed Hodge modules®] YF2 L2¢} 1 289

=

gt A7 A9 LY,

e &8 EA: Mixed Hodge modules®] explicit AAF ¥ 7iEF, t4=theFA| 2] cohomology 2]
Hodge 7 A7 5

\‘

9.8.2 Motivic Perverse Sheaves
o BX: 574 5 EZ X o]=29] WEto]| A perverse sheavesE A 2]5h= 7.

°
oL
)

AL A. Beilinson, J. Ayoub 5-0] o] ¥}¢Fo] A& 25y =<yt

e &2 EA|: Motivic perverse sheaves?] category 7+, 121l ©]& ©]-83t motivic Decom-
position Theorem?] 1.
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9.8.3 /-adic Perverse Sheaves
e (-adic perverse sheaves= 22 7|5l A F Q5 92 gyt
o @3] 97+ Langlands T2 1] AT, L] 242 cobomology A7 5.
e &Y A f-adic perverse sheavesE ©]-&35F Ramanujan 54 9] Autsl, B E|H o] 7HA|
=.

9.8.4 Categorical Khovanov Homology

e ZI: Perverse sheavesE ©]-85}9] Khovanov homology 2] 535} 4.

o AZ] A R. Bezrukavnikov, I. Losev 5-©0] o] H}gFo] J1& Z35) =4t

o A% =A: o] 49| 7|5t SiA, thE Wi EHI] ¥A 5
9.9 T dE
Perverse sheavesi= @t 4~519] of g ZobE d1dsk= et gyt o] FAA Y 241
o2 i A AHLL 58-& FAlofl 851, 52519 1:} Feh 2okl 22 TS AT
For9] ?i:rL% 0] ol Y THA7| L, 2L 5§ EoFE NETE Ao=w 7[HgY



62

CHAPTER 9. PERVERSE SHEAVES: A2} -§-&



Chapter 10

Riemann-Hilbert oj-$&

10.1 A=

Riemann-Hilbert -2 D-module ©|21} perverse sheaf 0|23 HAsH= A
o] g2 ulE ATt 1 afol jet Bl A S AL Aolo] e o
2ot} o] AoflA= D-module?] 7|2 EE] A|ZF6te] Riemann-Hilbert o]-29] statement®} 71
o7 grel 2 AU

10.2 D-modules
10.2.1 D-module®] A 9]

X smooth complex algebraic variety (B complex manifold)2t1! AT Ox & X 9|9 regular
functions9] sheafg} 5tal, Tx S X 99| vector field 52| sheafgtil SHA|TE.

2] 10.1 (Sheaf of differential operators). X 9/9] differential operator=2] sheaf Dx+~ Endc(Ox)
o] subalgebraz. S|, Ox 2 Ty ol SJofl YL - HAZ B ghick
o f,g€Ox2l¢&eTxo tidf:
— [f,g]=0
— [ =Eon—nol meTx¥ )

9] 10.2 (D-module). X £J2] D-modules2 left Dx -module=2] sheaf M YULE =, ZF open set
U C Xof gigfl, M(U)+&= ring Dx(U) 9] left moduleo]™, ©] module 7~ restriction map
E= compatiblegF T}

10.2.2 Local coordinatesS AF&3%tF D-module?] # 9]

R™ (= C™) 9] open subset U9 A] local coordinates (x1, .. ., 2,) & AF85% D-module2 o2t
ol HoIg 5 sk

A 9] 10.3 (D-module in local coordinates). U C R™ 9] D-module M2 t}-S3F ZH2 2F-8-5 7}7]
Oy -module ] C}:

o Zti=1,...,n0f &f|, &y, : M — M7} Ef5}0]
o Oy,(fm) = fOr,(m) + 2Lm
o 02, 00,] =0
74 f € Oy, m e MY},
o] el D-moduleo] OB A )& Ast2e] 28-S E3IH=A S o TAHOR HoFh

<
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10.2.3 D-module?] 9 A]

9| 10.4 (Structure sheaf). Structure sheaf Ox <= FHAA 22 Dx-module F+ZE ZFF Ul of7]
Al vector fieldE2 deriwation© 2 A-ggF]ct.

9] 10.5 (Exponential D-module). X = CoJJ4], D-module M = Dx /Dx (20.—1)& 12 ]laA]c}.
o] D-module-& B]ZHA] 2+ d ~f = f& PFE5lE= exponential function e* o of-§-F U k.

o]l 10.6 (Fuchsian D-module). X = Ploj4], D-module M = DX/DX( (z—1)0, — \) & 1255]
HAITE (A € C). o] D-modules2 hypergeometric O] 287G A] 2(z — 1)dzf Afol gl-&& vt

10.3 De Rham Functor

De Rham functor+= Riemann-Hilbert tf-2o]|A] A& o]l &3-S Sttt o] functor= o8 7}7]
SEg WA0R Aold & 9lon], 2421 Domoduled} sheat Aolo] FAo] that ThE AL
A

10.3.1 De Rham Functor: {4 1

A9] 10.7 (De Rham Functor via RHom). De Rham functor DR : D*(Dx-Mod) — D®(Sh(X))
= ohe 7 o] ook

DR(M) = RHomp, (Ox, M)[dim X]

of 7] A [dim X]+= complexE dim X THF shiftelrs LEFE L]

10.3.2 De Rham Functor: H{A 2

9] 10.8 (De Rham Functor via Tensor Product). De Rham functors= C}-2-2F Zro] o2 1
ek

DR(M) = (2% ©§, M)[dim X]

o] 7] 4] Q%= X Q9] differential formE2] de Rham complex L C}.

o] T A 9] derived categoryol| A o231} ZHE isomorphism © 2 15} F5 Yt}
RHomp, (Ox, M) = Q% @p M

10.3.3 De Rham Functor: {4 3

A9 10.9 (De Rham Functor for Right D-modules). Smooth complex algebraic variety X o
fiafl, right D-moduleS-9] tj$F De Rham functor= T2} Zro] ol =]r}:

DR(M) = Q% ®p, M

o 7] 4] Q% = right Dx -moduleZ 7FFE X £]9] differential formE2] de Rham complex L]
=

Left D-module Mol djs], th-& TH417F A gk
DR(M) ~ (% ®0, M)[dim X]
o= o] WAL o)A WAST A ATt

10.4 Riemann-Hilbert t-&

o)A o] &2] 4191 Riemann-Hilbert tf-3-of] t3f] &ot= F5H . o] Z

2 Ail= EA D-module
9] category?} constructible sheaf®] category Alo]9] 554 23t



10.5. 7AIAQ] AL} 27} N

10.4.1 -89 Statement

Ad 10.10 (Riemann-Hilbert tf-8). X & smooth complex algebraic variety2fil FAJCF. ClS-2}
& category &5-Jo] ZAg Tk

DR : D!, (Dx) = D%(X,C)

of 714 Db (Dx)&= X €9 regular holonomic D-module52] bounded derived category©] 1,
DY(X,C)& X 99 constructible sheafE2] bounded derived category$J k.

G50], o] FEHL 12T} gL FEHR AH

DR : Mod,;,(Dx) = Perv(X)

of 7] A] Mod,.,,(Dx )+ regular holonomic D-module=2] category©o]il Perv(X )<= X 99] per-
verse sheaf52] category k.

10.4.2 De Rham A& o}o] 7

De Rham el Riemann-Hilbert tf3-0] S8 392 2 4 ek o BAS o A3
A a4 o

Ad] 10.11 (Riemann-Hilbert tf-8-2 53F De Rham A 2]). Smooth complex algebraic variety X
of thel, k2ol YT

H&R(X) ~ H'(X,C)

o] =42 Riemann-Hilbert OJ-8-9] 4] DR-& structure sheaf Ox of] Z-§3dFo] A& 4~ Q&L

DR(Ox) ~ Cx[dim X]

of 7] 4] Cx|[dim X]+= X /9] constant sheafE& X o] XFTIF shifter 210 2, perverse sheaf
ok

o] =9 °Jn]E T A5 dgstd: '

1. H),(X)+&= X ¢] de Rham cohomology 2, differential form-3 AFg-sto] A o]H Yt} 2. H (X, C)
+= X 9] singular cohomology 2, A4 ¢l ®IvH © 2 A o]=l 1t} 3. o] T cohomology”} ‘& o]2h=
A2 ulR7]o kA Ak SAFA At dAgohs A€ eughh 4. Riemann-Hilbert o3&
o] ¥AE ¥ &utA ¢l wWigo| A Ytk Ox 2t D-moduleo] Cx[dim X]2}+= perverse sheaf
of tf-gHh= AYYrt.

©]+= Riemann-Hilbert tf-g-0] o]27| smooth variety o] A2 A3} 14 Afo] ] Ao Tt
g2]e] ola|2 Qurstela AR Bolgh

105 FAFA Ass 271 A

Riemann-Hilbert t-8-0] §-& HolF7] 918, FAHA AL oA S AHum
a7Hs ALY .

1]
i,
=
jalm)
fijr
o

r
r

10.5.1 [ = z"o] gk A4t
B [:C o CB f(2) = 2" (ne Fo] A0 g

9] 10.12 (Structure Sheaf®] Derived Direct Image). Rf.OcE &G A|Cl o] tfgx} Zo]
ALHE

o C\{0}of4], fi= degree n 9] covering map LT} watA], Rf.Ocle\qoy = OF (o FHTF-

e 09]4], stalk (Rf«Oc)oE ZeffloF g} o]= Cl[z]], & 29| formal power series ringZF
isomorphicglLCl.

mtefA], Rf.Oc+ C\ {0} A] rank n2] locally free sheafo]il, 09JJA] stalko] C[[z]] Q] sheaf
oLt
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¢ 10.13 (Constant Sheaf®] Derived Direct Image). ©]/#] Rf.CoZ Al{FollHA]CF:

o C\{0}9f4], fi= degree n®] covering map YUt} makA], Rf.Celeyjoy = Cgy oy YH T
o 004, stalk (Rf.Cc)oE 22 dlioF gct. o]& C" 2 isomorphicgt]tt.

mf2lA], Rf.Co= C\ {0} oA rank n9] local systemo] 1L, 00 A] rank n9] skyscraper sheafzZ
EP ]

10.5.2 Riemann-Hilbert t]-g-o| 4 9] 34

919] = At A= Riemann-Hilbert of-$ 4&74] o 9lz Ut}
1. Oc= D-moduleytt. 2. Cp[dim C] = Ce[1]2 ©]of t-&-5l= perverse sheaf YUt 3. f,
+ D-module ZHA Rf,OcE ”}:—;0114151 perverse sheaf ZHol| A Rf.Cc[1]5 THEo]HY T}
4. 0] & @ﬂEL Riemann-Hilbert t-2 s}oj|A] A& o)< 141:]-
0| = Riemann-Hilbert tj-2-9] 01?(—;71] Sk 9] push-forward AAL Sl A . HELE=2]E Ho
FUt

10.6 D-module ¥Z 9] Six Functors

Grothendieck 9] six functors formalism-2 D-module®] W2toj| A & J-AFSHA] A1 Y Tt o] 7] A=
f: X — Y& smooth varieties AF©]2] morphismo|2ta? 7FA g},

1. Direct image: f, : D’(Dx) — D%(Dy) f+ M = Rf.(Dy.x ®1L)X M)

2. Inverse image: f*: D*(Dy) — D*(Dx) ftN = Dx_y ®]J%—1Dy N

3. Extraordinary inverse image: f' : D*(Dy) — DY(Dx) f' = fT[dx — dy], ®17]1A dx
o dy 212} Xoh Y o] Zaueh

4. Extraordinary direct image: f, : D*(Dx) — D*(Dy) f 7} properd uj, fi =

5. Tensor product: ®% : D*(Dx) x D'(Dx) — D"(Dx)

6. Internal Hom: RHomp,, : D®(Dx)% x D*(Dx) — D*(Dx)

0| functors= Riemann-Hilbert g]-2-& 53} constructible sheaf?] six functorse} tj]-2= 1t}

°]= D-module o] 0] oj@A ti7|5lote] Fajt NEES ZAS=A] HoiFUH



Chapter 11

Sheaf Theory9] $4

11.1 Introduction

o] 7] A]2]20] uk 8} Ao A= sheaf theory o] ThFet S-8-8 AH B AL T 237 -2l
sheaves, presheaves, sheaf cohomology, constructible sheaves, perverse sheaves, 12 17 Riemann-
Hilbert correspondence 5 sheaf theory2] FQ 7JEES 9}% AUt o)A o|g sl S0
o] 45t0] o]2] Hopol A AFGEE=] SFob g T

11.2 Algebraic Geometry

Sheaf theory= t]4=7]5}stol| A Al A Q] o

=

st
filo
o

Y}

_]O“

11.2.1 Coherent Sheaves and Serre Duality

A 11.1 (Serre Duality). X& smooth projective variety2lil o}H, H-E coherent sheaf F o
ol cheo] T

H’(X,]:) = H"™ Z(‘X,]:* ®wx)*

o] 7] A n = dim X 0]17, wx+ canonical sheaf]C}.

o] A 2]+ sheaf cohomology 2] & Q 3t duality WAIE B odFYtHHar77).

11.3 Topology
Sheaf theory= Y&t e T8 582 7Y

11.3.1 De Rham’s Theorem

A7 11.2 (De Rham’s Theorem). Compact, orientable smooth manifold M o tff5f:
HEL (M) = HF(M;R)

o] A= u] &3 2] 9] cohomology2} E©] cohomology Ate] 9] -2 HolFUTHBTIY).

11.4 Complex Analysis
Sheaf theory= E A4St AT ZQ5F d5HS shtt
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11.4.1 Oka-Cartan Theory

Ad 11.3 (Cartan’s Theorem B). X & Stein manifold2l1l 5}12, F& X £]2] coherent analytic
sheafelxl ALl Z28]H RE g > 0o ffsf HI(X,F) =01}

o] Ag]+= Stein A fJol| 4] coherent sheaves®] higher cohomologyZ} A S HojsY
o]

11.5 Representation Theory

Sheaf theory, £5| perverse sheaves= E =24 £Q5F S8 7Yt}

11.5.1 Springer Theory

A7 11.4 (Springer Correspondence). G& Z4 the 4
Ik ol o-g-2] FFo] YT

Pervg(N) & Rep(W)

o] 7] A Pervg(N)+& G-55 Q] perverse sheaves®] category©]il, Rep(W)+= Weyl group W 2]
FHE9] category Y F.

o] H-& Lie th=r2] EHEZT Weyl group?] 2dES dZ23 e T8 AAAYH?].

=
o
Q
Ry
g
of,
i
Eh
I
g
E
Ry

11.6 Number Theory

Sheaf theoryt= F2A L Fa9 382 7MYt

11.6.1 Etale Cohomology and the Weil Conjectures

Etale cohomology= Weil conjectures®] ZH o] AA Al A& P& th o] 42 thefA| Q]
Ho) Aot 1 ChpA|O] 1A AT Aolo] 2 BAS HolFITH?|

11.7 Conclusion

o] 749] AB|2E B 22 sheaf theoryo] 7|2 /AFHE Al
HetEUTh Sheaf theory= @ 4-819] of] HofE AdA = 74
|22 ti715kel, 9148t mli7]skel 5 A-5A Q1 48 Lopyt o}
T Tk HopelAE Fatt s ot lEyTh

ofgfgo] o] ZFolE Fal sheaf theory®] olgthat 91& L7475 HIgUtT}. o] o]&2

ds] gde] A=A o, g2 Fu=e vsd AlEel dotlsyt

O

£
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